MTH436 - HOMEWORK 9

No work submitted this week. The sections are to signify approximate difficulty of the problems.

A. WARM-UP QUESTIONS

Question A.1. For the following sequences f,, find lim,,_, ., f, and decide if this convergence is
uniform.

(i) f: R — R given by f,(x) = ,,LQ}_xz-
(ii [0,00) — R given by f,(z) = in:_}

)

E

i) fo: [~1,1] = R given by fo(z) = (/22 + &
(iv) fn: R = R given by fu(2) = 72%.

) f R — R given by fu(z) = e~".

i) f

n: [0,00) = R given by f,(z) = Rl

Question A.2. Let f,:[0,1] — R given by f,(z) = w

(i) Let f(z) =0 for all z € [0, 1]. Prove that f, = f on [0, 1].
(ii) Compute f!. Does f; — g for some function g?

Question A.3. Suppose f,: A — R is bounded for each n € N (so that for each n there exists
M,, € R such that |f,,(z)| < M, for all x € A). Show that if f,, = f then f is bounded.

Question A.4. Let z1,22,... be an enumeration of the rationals in [0,1]. Define f,: [0,1] = R
by
1 ife=uz;for 1 <i<n,
flz) = .
0 otherwise.

Find f such that f,, — f and discuss the integrals of f,, and f, and points of continuity of f, and
f-
Question A.5. For the given sequences f,, decide if the series Y_ f,, converges uniformly (here,
a > 0).
(i) fn: R — R given by f,(z) = %W
(ii) fn:[—a,a] = R given by f,(z) = gfj;g
(iii) f.: R — R given by f,(x) = sin(z/n?).

Question A.6. Compute the Radius of convergence for the following power series.
(i) 3 2,
(i) S am.
(iii) Y ana™ where
if n = 3k for some k € NU {0},
an =10 if n = 3k + 1 for some k € NU {0},
4n if n = 3k + 2 for some k € NU {0}.

(iv) > ana™ where 0 < r < |a,| < s for all n.
(v) 3 Sy,
Question A.7. Show that if f is an odd function and f(z) = > a,x™ then ag, = 0 for all
k e NU{0}.
B. (NON-)SUBMITTED QUESTIONS

Question B.1. Let f,,: R — R be defined by f,(x) =
(1) Find f = hmn—>oo fn-
(ii) Show f, = f.
(i) Compute f; (x). Is it true that f, — f'?
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Question B.2. Suppose f,,9,: A — R such that f, = f and g, = g¢.

(i) Prove that (f, +gn) = f +g.
(ii) Prove that if f,, and g, are bounded for each n € N then f,g, = fg.
(iii) Give an example where f, = f and g, = g but (f,.g,) does not converge uniformly.

Question B.3. Suppose f,,: A — R are continuous and f,, = f and that x,, — x in A. Prove that
limy, 00 fr(2n) — f(2).
C. CHALLENGE QUESTIONS
Question C.1. For x € R, define the floor of x to be
|z] =sup{n € Z | n <z}
and the fractional part of x to be {x} = — |z]. Consider f: R — R given by

(i) Find D, the set of discontinuities of f.
(ii) Show that D is countable.
(iii) Show that D is dense in R.
(iv) Show that f € Ra,b] for all —co < a < b < 0.

Question C.2. Define s4: [0,1): [0,1) by sq(x) = {dx}. For n € N, let s5* = sq0s40...054 be
the n-fold composition of s4.

(i) Show that if z € Q then f°"(z) is eventually periodic.
(ii) Show that if z € R — Q then {f°"(z) | n € N} is dense in [0, 1).



