MTH436 - HOMEWORK 5

Solutions to the questions in Section B should be submitted by the start of class on 3/21/18.

A. WARM-UP QUESTIONS

Question A.1. Let f: [0,1] — R be defined by f(z) = z2. For the following tagged partitions P,
compute S(f;P).

6 P ={([0.2].0).([3.1].3)}

) 2 ={([0.1].2). ([2.1].9)

i) P ={([0.2].3). ([(5.1].1))

(v) P={([5, 5] B [k =1.2,....m)
) P = {([52 5] k= 12...n)
() P = {50 E 5k =1.2,...m)

Question A.2. Suppose f € Ra,b]. Let (Pn) be a sequence of tagged partitions such that
HPnH — 0. Prove that f:f = limy, o0 S(f; Pn)-

Question A.3. Let P = {(Iy = [zx_1,2x], tx)}}_, be a tagged partition of [0,3] with ||P| < 4.
Define

7.)12{[]@67)‘%6 [0,1]}
752 Z{Ik ep ‘ tr € [1,2]}.

Prove the following.

(i) 0,106 € Uy ep, Ie € [0,1+0).
(i) [1+6,2-06 €Uy ep, In C[1—6,2+0]

Question A.4. Suppose f € Rla,b] and |f(x)| < M for all = € [a,b]. Prove that
b
|
a
Question A.5. Show the Dirichlet function f: [0,1] — R defined by

1 if x € Q,
f(x){o ifz¢Q

<M(@®-a)

is not Riemann Integrable.

B. SUBMITTED QUESTIONS

Question B.1. Let f: [a,b] — R is bounded. Suppose there exists two sequences of tagged parti-
tions (P,,) and (Q,,) such that ||P,|| — 0 and || Q]| — 0 but lim, oo S(f;Pn) # limy, 00 S(f; On)-
Show that f ¢ Ra,D].

Question B.2. Let f: [0,1] — R be defined by

1 .1
fla)={m if x TLfor some n € N,
otherwise.

Is f € R[0,1]? Justify your answer.
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C. CHALLENGE QUESTIONS

Question C.1. Let CJ0,1] be the set of continuous functions on [0,1]. For f,g € CI0,1], define
d(f,g) = fol |f — g|. Prove that d is a metric on C[0, 1]'. Is this metric space complete?

Question C.2. Prove that R[0,1] and C[0,1] are (real) vector spaces®. Furthermore, show that
Ifll = fol |f| defines a norm® on C[0,1]. Does it define a norm on R0, 1]?

You will need to assume that C[0,1] C R[0, 1]
2Come ask me for the definition of a vector space if you haven’t seen it before
3Again, you can ask me if you haven’t seen the definition before



