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Integrating Factors If the differential equation
M(x, y)dx + N(x, y)dy = 0 (25)

is not exact, that is, M, # N,, we can sometimes find a (nonzero) function
1 that depends on x: or yor both x and y such that the differential equation

pMdx + pNdy = 0 (26)

is exact, that is, (WM), = (uN),. The function p is then called an inte-
grating factor of the dlfferentxal equation (25). Since (26) is exact, we
can solve it, and its solutions will also satisfy the differential equation (25).
Show that a function u = @(x, y) is an integrating factor of the differential
equation (25) if and only if it satisfies the partial differential equation

Np’x - M"Ly = (My - Nx)u" (27)

6. In general, it is very difficult to solve the partial differential equation (27)
without some restrictions on the functions M and N of Eq. (25). In this and
the following exercise the restrictions imposed on M and N reduce Eq. (27)
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into a first-order linear differential equation whose solutions can be found
explicitly. If it happens that the expression

1
N(M’ - N)

is a function of x alone, it is always possible to choose p as a function of
x only. Show that with these assumptions the function

p.(x) = /(VN)(My—Nydx
is an integrating factor of the differential equation M dx + Ndy = Q.

27. 1f it happens that the expression
1
My~ N)

is a function of y alone, it is always possible to choose . as a functxon of
y only. Show that with these assumptions the function

“‘(y) P e—f(l/M)(My Ny)dy
is an integrating factor of the differential equation M dx + N dy = 0.

For each of the following differential equations, find an integrating factor and then
use it to solve the differential equation. (Hint: Use Exercise 26 or 27.)

28. ydx —xdy =0

30. ydx + (2x — y)dy =0

32. ydx — (x — 2y)dy =

4. (XX -y  +x)dx + 2xydy =0

29, (x* — 2y)dx + xdy =
31. (y —2X)dx ~xdy =0
33 (x* + y)dx — xy’dy = 0

35. Verify that p(x) = ¢/*¥* is an integrating factor of the first-order linear
differential equation

y' + alx)y = b(x),
and then use it to find its solution. (Hint: Write the differential equation in the
equivalent form [a(x)y — b(x)]dx + dy = 0.)

Verify that each of the following functions is an integrating factor of the dif-

ferential equation y dx — x dy = 0 and then use the function to solve the
equation.

1
36. ;.t.(y)=3)—2 for y*0

1
37. ;L(x,y)=5 for x#='0 and y# 0

1
38. p.(x,y)=m for x*0 or y#0



