MTH 562 COMPLEX ANALYSIS

SPRING 2007

Abstract

Rigorous development of theory of functions. Topology of plane, com-
plex integration, singularities, conformal mapping.

1 Complex Numbers

Definition. We define
C={(a,b):a,beR}

equipped with the following rules of addition and multiplication:

(a,0) + (c,d) = (a+c,b+d)
(a,b)(c,d) = (ac—bd,bc+ ad)

It is easy and boring to check that
1. C is an Abelian group under addition with identity (0, 0).
2. C\ {(0,0)} is an Abelian group under multiplication with identity (1,0).

3. Multiplication distributes over addition; that is,

(@,0)((c,d) + (e, f)) = (a,b)(c,d) + (a,D)(e, f)
((a,0) + (c;d))(e, [) = (a,b)(e, f) + (¢, d) (e, [)

These three conditions imply that C is a field.
The set {(a,0) : a € R} is a subfield of C, and the mapping

R>aw (a,0)€C

is an isomorphism of fields. This shows that R sits inside C. (From now on,
forget about the identification and write a instead of (a,0).)

The special number i := (0,1) satisfies i = —1.

Any complex number z = (a,b) can be expressed uniquely as

z = (a,b) = (a,0) + (0,b) = (a,0) + (b,0)(0, 1),
which using our identification above, we can write as

z = a+1ib.
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From now on, we will write complex numbers in this so-called Cartesian form.
For z = a +ib, a is called the real part of z, Re z, and b is called the imaginary
part of z, Im z.

Two important operations on C (which are not field operations) are

1. Conjugation: If z = a + ib, then the conjugate Z is given by

Z=a—1ib.
2. Modulus (or Absolute Value): If z = a + b, then the modulus or absolute

value |z| is given by
|z| = Va2 + b2.

The following are some easy facts about these two operations:

- 2
e 2Z=|z|".

If z # 0, then 1/z = z/|z|>.

z+zZ z —

Rez = and Imz =

2

e (z+w)=zZ+wand zw = Zw.

|zw] = |z][w].

|z/w| = |z| / |w| provided w # 0.

2] = |z
e The triangle inequality: |z + w| < |z| + |w].
e The reverse triangle inequality: |z — w| > ||z| — |w]|.

Since a point (a,b) € R? can also be represented in terms of polar coordinates

(r,0), where
b
r=+/a% +b? and tanf = —
a

or
a=rcosf and b=rsind,

we can represent a complex number z = a + ib as
z=rcosf +irsinf = r(cosf + isinf),

where b
r=+va?+b%=|z| and tanf = —.
a

The number 6 is called the argument of z, Argz. Note that Argz is a only
defined up to an integer multiple of 2r. (We will meet the more usual form
z = re'? later, after we have done some work on complex power series.)
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A Little Topology

Definition. We define the open disk centered at z € C of radius r as
D(z,r)={weC:|lw—z <r}.

Definition. U C C is said to be open if for every z € U, there exists € > 0
such that D(z,e) C U.

Definition. F' C C is closed if C\ F is open.

Proposition. F' C C is closed if and only if every convergent sequence of points
in F has its limit in F.

Definition. K C C is compact if given any cover {Ua},, of K by open sets,
there is a finite subcover.

Theorem. The following are equivalent:
1. K C C is compact.
2. Every sequence of points in K has a convergent subsequence.
3. K is closed and bounded.

Theorem. If f is a continuous real-valued function on a compact set K, then
f attains its maximum and minimum values on K.

2 Differentiability

2.1 Definition. Let U C C be open. Then f : U — C is differentiable at

zo € U if

o ) = (o)

Z—20 zZ— 20
exists. If the limit exists, we call it the derivative of f at zg. We write f'(2o)
or df/dz |,=,,- We say that f is differentiable in U if f is differentiable at
each point in U. We say that f is holomorphic in U if it is differentiable in U
and f’ is continuous in U.

2.2 Proposition. If f is differentiable at zy, then f is continuous at zg.

2.3 Proposition. If f and g are differentiable at zg, c € C, so are f+g, f—g,
cf, fg, and f/g provided g(z9) # 0, and the usual calculus formulae hold for
these derivatives.

2.4 Proposition. Let g be the inverse of f at f(z0). Suppose f is continuous
at g(zg), then g is continuous at zo. Then if f is differentiable at g(zo), and if
1 (g9(z0)) #0, g is differentiable at zy and

, _ 1
9(0) = Tty
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2.5 Proposition (Chain Rule). Let f,g be differentiable on open sets U and
V', respectively. Suppose f is differentiable at zo € U and g is differentiable at
f(20) € V. Then go f is differentiable at zg and

(g0 f) (20) = ¢'(f(20)) - f'(20)-

Proof. Let r > 0 be such that D(z,7) C U where U is open. Without loss of
generality, it suffices to show that given any sequence {h,} with 0 < |h,| < r
for all n € N and h,, — 0 as n — oo, we have to show

lim 94U (o 1)) — g(f(20))

n—oo hn

=9'f(20)) - f'(20)-

Case 1: Assume f(zg + hy,) # f(20) for all but finitely many n. Then

(2.1) (2.2)

9(f(z0 + 1)) — g(f(20)) _ 9(f(20 +hn)) = 9(f(20)) (20 +hn) = f(20)

hn B f(ZO + hn) - f(ZO) hn

We can do this since f(zg + hy) # f(z0) provided n is sufficiently large. Since
f is differentiable at zp, it is continuous at zg, so f(zo + hy) — f(20). Hence
(2.1) tends to ¢'(f(z0)) while (2.2) tends to f’(zp). This completes Case 1.

Case 2: Assume f(zg + h,) = f(20) for infinitely many n. Split {h,} into
two sequences {k,} and {£,}, where

flz0+ kn) # f(20) for all n € N,
f(zo+ ) = f(20) for all n € N.

Note that {k,} may be finite or empty. f is differentiable at zg, so

i 40+ En) = f(z0)

n— o0 Kn

= f'(20),
and since f(zo+4,) = f(z0) for all n, this means that f/(zp) = 0. Also, similarly,

i 9 Go+ ) = 9(f (o))

n—oo fn

=0.

Now, apply Case 1 to {k,} to get

lim g(f(20 + kn)) — 9(f(20))

n— 00 k‘n

= 9/(f(20)) ) fl(zo) =0

since f'(z9) = 0. We get the same answer for {k,} and {¢,}, which finishes the
proof. [ ]
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3 The Cauchy-Riemann Equations

3.1 Proposition. If f(z) = u(z) + iv(z) is differentiable at zo, then the first-
order partial derivatives of u and v exist at zg and satisfy the Cauchy-Riemann
Fquations:

ou v ou ov
%(Zo) = a*y(zo)’ 87/(20) = —%(Zo)-
Proof. If h is real and h — 0, then

f(z0+h) = f(20)

h—0 h

= fo(20) = uz(20) + ive(20)-
If h = ik is imaginary and h — 0, then
L S+ k) = f(z0)

f'(20)

h—0 ik
= L FoHiR) - f(z0)
1 h—0 k

= Tuyle0) + iy (z0)) = —iny(z0) + o),
So 1
fa(z0) = = fy(20)-
Equating real and imaginary parts
Uz (20) = vy(20), vz(20) = —uy(20)
or uy(z0) = —vz(20). ]

3.2 Proposition. Satisfying the Cauchy-Riemann equations does mot imply
differentiability.

Example. Define f: C — C by

%(Jc—kiy), z2#£0

1) = fla+iy) = {O T

Note that f = 0 on both axes, so all partial derivatives are 0 and satisfy the
Cauchy-Riemann Equations. But if y = ax for some a € R,
flz(1+ia)) =0 rox !

- f(z) - f0) _ 1 _
lim ———~* = lim —————— = lim = = )
20 z a—0  z(l+ i) z—0 22 + 43202 14+ a?

which is non-constant. Hence this f is not differentiable even though it satisfies
the Cauchy-Riemann Equations.

3.3 Proposition. If the first order partial derivatives of f = u + iv exist on
a neighborhood of a point zo = ¢ + iyo are continuous at zog and satisfy the
Cauchy-Riemann Equations at zg, then f is differentiable at 2.
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Proof. We want to show that
f(z0 +h) — f(20)
h
as h — 0. We will use the Mean Value Theorem. Let h = & + in. Then

u(z0 +h) —u(z0)  u(xo+& 30 + 1) — ulxo, Yo)

h &4

— f2(20) = uz(20) + tvz(20)

)

which then equals
u(zo + &, 90 + 1) — ul(xo + &) + ulzo + &) — ulz0,90)
§+in '
By the Mean Value Theorem, the latter equals

n £
9 xT 0 ) 9,
g_i_muy(l’o+fayo+ 1) + exin (zo + 028, 90)
where 0 < 61,605 < 1. Similarly
v(20 + h) —v(z0) n 3
= —vy(To + &, Yo + 03n) + — vz (20 + 04€,
3 5_|_277,v;(() &, yo + 03n) £+ in (w0 + 04€,90)
for some 0 < 03,60, < 1. For convenience, set
21 =x0+ &+ i(yo +01n), 22 =x0+ 028 +iyo, 23 =, 24 =---.
Then
flzo+h)—flz0) 7

$ lug(z2) +iva(za)] (1)

[y (21) + ivy (23)] + ﬂ

h R
By the Cauchy-Riemann equations at zg,
fy(20) = ifa(20)-
Then i
i
alz0) = g Joleo) =

Subtract this from (??) to get

f(z0+h) — f(z0)

Ul 3
mfy(zo) + @fx(zo)

h 7fz(ZO) =
o ﬁ[(w(zl) — uy(20)) + 1(vy(23) — vy(20))] + -
o+ ﬁ[(uz(ZZ) — ux(20)) + i(ve(24) — v2(20))]-
Since
) [
Sle+in| [E+in) T

and 2y, 29,23,24 — 29 as h — 0 and the partial derivatives uz,uy, vz, vy are
continuous at zp, this right hand side tends to zero as h — 0, which gives us
what we want. [ |



MTH 562 - COMPLEX ANALYSIS SPRING 2007

Suppose f is differentiable on U C C open. Suppose also that f is C2? on
U; that is, partial derivatives up to and including second-order exist and are
continuous on U. Then

Ug = Vy, Uy = —Vgy on U,
Also,
Ugz (Uz )z = (Vy)z = Vyz = Vay = (Vz)y = (—Uy)y = —Uyy.

50, Uzg + Uyy = 0 on U. Similarly, vy, + vy, = 0. Such functions are called
harmonic. (Note: we need C? for the step in which vy, = vy,.)

4 Power Series

4.1 Definition. A power series about zy € C is an infinite series of the form

o0
Z an(z — 20)".
n=0

There is a different power series for each different value of z. We say that
the power series at some particular value of z converges if the corresponding
sequence of partial sums converges. The power series converges absolutely

at z if
o0 o0
Z lan(z = 20)"| = Z |an| |2 — 2zo["
n=0 n=0

converges. Absolute convergence at z implies ordinary convergence at z. The
converse is not true; consider
X _on
>
—
n=1

The series converges at —1 but not absolutely convergent at 1.
For a sequence of real numbers {b,}, we define the limit superior and limit
inferior, respectively, as

lim b, = lim (sup bm>

n—oo n—=00 \ m>n

and
lim b, = lim (inf bm).

n—o0o n—oo \ m>=n

The following are important facts about limit superior and limit inferior.

1. If limb, = L, then for all N € N and all ¢ > 0, there exists n > N such
that b, > L —e.

2. If limb,, = L, then for all € > 0, there exists N € N such that b, < L+ ¢
for all n > N.
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3. limkb,, = klimb,, for k > 0.
4. limb,, > limb,,.
5. limb,, = limb,, if and only if lim b,, exists.

From now on, for the sake of simplicity, we shall work (mostly) with power series
about zero. The proofs for series about other points are the same.

For a power series
o0
g anz",
n=0

_ 1

lim |a,|

n—oo

let

1/n’

R is called the radius of convergence for the power series.

4.2 Theorem (Radius of Convergence Theorem - Abel). Consider the power

series
oo
E anz"
n=0

with radius of convergence R.
1. If R =0, the series converges only at z = 0.
2. If R = oo, the series converges absolutely for all z € C.

3. If 0 < R < oo, the series converges absolutely for |z| < R and diverges for
|z| > R.

Proof. Case 1: Let R =0. Then m|an|1/" = oo. For all z # 0,

1
lan] /™ > B for infinitely many n.
z

Hence |a,z™| > 1 for infinitely many n. Then the series diverges by the diver-
gence test.
Case 2: Assume R = co. Then

Iim |a,|'/™ =0.
n—oo

Hence L
lim |a,|"/"|z| = 0 for any fixed z € C.

Hence for all z € C, there exists N € N (possibly depending on z) such that

1
‘a}/"z <3 for all n > N.
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That implies that
1
lanz"] < o for all n > N.

If we use the comparison test to compare this with the geometric series

=1
> oo
n=0

we get absolute convergence.
Case 3: Assume 0 < R < oo. Suppose first that |z| < R and let 6 > 0 be
such that
|z| = R(1 — 26).

Then ,
lim n 1/n = L= =(1—=26).
Jim Jan| " (2] = |2] - 5 = (1-29)
Hence by Fact 2, there exist N € N such that
lan|Y/"|2| < (1= 6) for all n > N.

Now compare with the convergent geometric series

[e.°]

> a—-a)"

n=0
to get the desired result. Now suppose |z| > R. Then

n R
Vg > =

lim |a,|
n—oo

Hence for infinitely many n, |a,|"/"|z| > 1 and |a,2"| > 1. Hence the series

diverges by the divergence test. [ |
4.3 Example.
DIEINUD ST p
n=0 n=1 n=1

All three series have radius of convergence 1, so all three converge for |z| < 1
and diverge for |z| > 1. On the unit circle C(0,1),

i) diverges everywhere;
ii) diverges at 1, but converges everywhere else on C'(0,1);

iii) converges everywhere.

e}
iv) E nlz™ has radius of convergence 0.
n=0
> _n
z .
v) E = has radius of convergence co.
n!
n=0
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4.4 Lemma (M-Test). Let U C C be open and suppose for each n > 1, f, is
continuous in U. If |fn| < My, on U and

>,
n=1

converges, then

is convergent to a function f which is continuous in U.

Proof. Let
n n
f’rL = Z fm and Sn = Z Mm
m=1 m=1
If m<n,
S0 =Sl <| D fil < DO Ifil< Y MionU.
i=m-+1 i=m-+1 i=m+1

Since > M, is convergent, S, is convergent. So S, is Cauchy. Hence f,, is
uniformly Cauchy in U, and so f,(z) converges for every z € U to a limit
function f(z). f(z) is a uniform limit of continuous functions, so it is continuous
itself. [ |

4.5 Corollary. Let
flz)= Z an 2"
n=0

be a power series with radius of convergence R > 0. Then f is continuous in
D(0,R).

Proof. In any smaller disk D(0, R—§), we see that the convergence of the power
series was dominated by the convergence of the geometric series. By the M-test,
the power series gives a function which is continuous in D(0, R — ¢§). Letting
& > 0 gives the result. [ |

Differentiation and Uniqueness of Power Series

Suppose
o0
S0
n=0

has radius of convergence R > 0. Formally, we can differentiate this series term

by term to get
(oo}
Z nanz"" L.
n=1

10
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Can we do this?
We start by observing that for this series has the same radius of convergence.
Recall that
lim nt/(=Y =1
n—oo

by L’Hopital’s Rule. Then

Tim |nan|1/(n—l) — Tim nl/(nfl) ‘an‘l/(n—l) — Tm |an|1/(n_1)

\1/ =1 i5 the radius of convergence for the series

oo
E anz" L.
n=1

Suppose this series has radius of convergence R’. Since

o0 o0
d anz" =ag+2 Y an2"",
n=0 n=1

from above. lim |a,,

R’ < R. Since

n—1 0
n = - - nen;, 0, EDOaR7
nE:1az z+z§az 2#£0, 2 (0, R)

n=0

R < R'. Hence R = R’ and we’re done. That is,

oo
E napz"" "
n=1

also has radius of convergence.

4.6 Theorem. Suppose
(o]
f(z)= Z anz"
n=0

has radius of convergence R > 0. Then [ is differentiable on D(0, R) and
f(z)= Znanz"_1 on D(0, R).
n=1

Proof. Without loss of generality, suppose 0 < R < oo. (If R = oo, take a
suitably large disk.) Let |z| = R — 2§ for some ¢ > 0 and let |h| < 6. We want
to show that

h—0 h

g JEER 1) S5
n=1

11
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or equivalently that

M _ Znanznfl —~0ash—o0.
n=1

h
Observe
00 an(zp + h)" — anz"™ s
f(Z‘f'h)—f(Z)_Z n—l_ﬂZZ:O ( ) nZZ:O = n-1
N nanz = W nanz
n=1 n=1
Subtract term by term to obtain that the latter equals
an((zn + h)n - Zn) )
2=0 A — Z na,z""'.
n=1

By the Binomial theorem, the above equals

S (an 3 (2)hFenk — 2m)

_ n=0 k=0 . ina 1
= n
h n=1
00 00
Z an( Z (:)hkznik) o0
_ n=0 k=1 _ Z na Zn—l
= n
h n=1

where

If 2z=0,b, =h""! and

fe+h) —f(z) _f()—f(2) <~ ot
o = o fZanh —0ash—0

n=1

by continuity of power series at zero since Y a,2" ! has radius of convergence

12
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R > 0. If z # 0, first note that

(n) B n(n—l)-~-(n—k—.|—2))gn—k+l)

k

nn—1)---(n—k+3)n-n
S TE 28

Hence for z # 0,

N

n?[h| - n k-2
- n—(k—2)
b < T (7l

2
|22 = \J
)Pz
eI WILE

n?|hl n
Z(R—0)".

N

Hence

|f(Z+h Znan |h| an‘an‘ (R—6)".

The series on the right also has radius of convergence R, so the series on the
right hand side is bounded by some constant A. Hence

PRk

A

|f<z+h Zmn

Let h — 0 and we get our result. (Note that A does not depend on h and z.) W

4.7 Corollary. Power series are infinitely differentiable inside their radii of
convergence.

4.8 Corollary. Let
(oo}
Y
n=0
have radius of convergence R > 0. Then

FM(0)

n!

WV
o

ap = , n

13



SPRING 2007 MTH 562 - COMPLEX ANALYSIS

4.9 Corollary. If
flz)= Z anz".
n=0

has radius of convergence R > 0, then

= a
F(z) = Z an 2"t
n=0 n+1

also has radius of convergence R and F' = f on the disk of convergence.

4.10 Definition. If a function f has a power series representation on some disk
D(zg,r) of radius r about zp; i.e. there exists a power series

Z an(z — 20)"

n=0
such that -
flz)= Z an(z — 20)" on D(zg, 1),
n=0
then we say that f is (complex) analytic at zg. If U C Cisopenand f: U — C

has a power series representation about every point of U, we say f is analytic
on U.

To clarify
analytic = holomorphic = differentiable.

In fact, they are equivalent, as we will show later.

4.11 Corollary. We define the exponential function e* by

o0 n

e = E Z—.
n!

n=0

Since €* has infinite radius of convergence, e* is infinitely differentiable on all

of C and
L) =
dz B
Note that if z = x € R, e = €*. Also
e’ =1 and 7% = e*e¥ for all z,w € C.

We can also define

0 n+1 oo 2n
. . _1yn+l z _ _1\n z
sinz = nzz;)( 1) s and cosz = nz:%( 1) ook

14
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Both series have infinite radius of convergence. It is easy to see that

) el? _ iz % 4 2
sing = ——— and cosz = ————
24 2
and
e'” = cosz+isinz.
If z=0 and 0 € R, then sinz = sinf and cos z = cos#, and

e = cos@ + isinb.

For z = x + iy, e* = e*t¥ = e%e®¥ = e%(cosy + isiny). So
|€Z| — % = eRez
Try to solve e¥ = z = re¥ for w. Let w = x + iy. Then

eV = "W = e = et

So comparing moduli, e* = r. So, there is no solution at all if z = 0. Otherwise
x = logr = log |z|.

Also,
i0

cosy +isiny = e = e =cosf =isinf.

So y is only defined up to an integer multiple of 2. Hence, we can say that
y = Argz.

So for z # 0,
Logz =log |z| +iArgz

is only defined up to an integer multiple of 2.

4.12 Definition. A subset Q of C which is open and connected is called a
domain or a region.

4.13 Definition. Let €2 be a domain and f be holomorphic in 2 with f(z) # 0
for all z € Q; that is, f is non-vanishing. A holomorphic function g on 2 is
called a branch of the logarithm of f in  if

e93) = f(2) for all z € Q.
4.14 Example. Let Q = C\ R_; i.e.
Q=C\{z€C:Rez<0, Imz=0}.
On , define a branch of the logarithm of z, log z, by
0

log z :=logr + 6, z = re'

where —m < 6 < 7. This is usually referred to as the principal branch of the
logarithm.

15
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Note that if z =z € R, x > 0, then logz = logx. Also, if z1,2, € Q and
2129 € Q, then
log(z122) = log z1 + log 2.

4.15 Proposition (Uniqueness of Power Series). Suppose

oo
E anz"
n=0

has radius of convergence R > 0 and is zero at points of a nonzero sequence
{zn} which tends to infinity. Then the power series is zero on the whole disk of
convergence and a, =0 for all n > 0.

Proof. Set
folz) = Z anz".

n=0

By 4.6, continuity of power series,
ag = fo(0) = lim fo(z) = lim fo(z,) = 0.
z—0 n—0o0

Now set

fi(z) = ij:lanz"_l = fliz), if z #0.

This series has the same radius of convergence and

ap = f1(0) = lim fi(z) = lim filzn) _ 0.
z—0 n—oo 2z,
Next set
_ = -2 _ Ja(2)
f2—Z:2anzn —772750.
We find that as = 0, and so on. -

4.16 Corollary. If a power series is zero at all points of an infinite set with an
accumulation point at zero, then the power series is identically zero.

4.17 Corollary. If

o0 oo
E anz" and E b 2"
n=0 n=0

each have radius of convergence greater than zero and agree on an infinite set
with an accumulation point at zero, then a, = b, for allmn > 0.

Proof. Subtract term by term within a common disk of convergence. [ |

16
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Of course, one can make similar conclusions for power series

oo
Z an(z — 20)"
n=0

about any point zg € C.

4.18 Abel’s Limit Theorem (Non-Tangential Convergence). If
D an
n=0
s convergent and
f(z) = Z anz",
n=0

then
oo
fz)— f(1) = Zan as z — 1
n=0
i such a way that

1 - 2]
1—|z|

remains bounded. [Note that |1 — z| > 1 — |z| by the reverse triangle inequality.]

Proof. Without loss of generality, assume

Let S,, be the partial sum

Sp(z) = ao+(S1—85—=0)z+---4+ (S, — Sn—1)z"
= So(1—2)+S1(z—22) 4+ Sp_1(z" 1 = 2") 4+ S,2™.

But S,2™ — 0 as n — oo by the convergence of » a,, and formally we have
FE) = (1= Sam. (2)
n=0

17
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Well
o0
> an = lim S,
n:0 n—oo

is convergent, and so since {5, } is in particular bounded, the series

i Sz

n=0

has radius of convergence greater than 1 by Abel’s Theorem. Hence the series
(??) does converge for |z| < 1 and multiplying by (1 — z) gives f(z). Now we
assume that |1 — z| < K(1 — |z|) for some suitable K. Since

o0
E a, =0,
n=0

Sp — 0 as n — oo. Let € > 0 and choose M such that |S,| < e for all n > M.
Then

ZSnz”
n=0
is dominated by
EZZ",
n=0
and so .
1F)=|1=2)) 82",
n=0
by (%)
n—1 0o
< 1 -2 ZSRZ” + |1 — 2| ZSnz"
n=0 n=m
n—1 o]
< =2 DSz + K1 —2) Y ele]”
n=0 n=m
n—1 |Z‘n
< =2l Y S| + K- )T "
n=0
n—1
= |1—2 ZSRZ” + Kelz|"
n=0
n—1
< 1 -2 ZSRZ” + Ke
n=0
< J1—zf.

18
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5 Line Integrals

5.1 Definition. Let f(t) = u(t) + iv(t), a < ¢t < b, be a continuous complex
valued function of the real variable ¢ defined on [a, b]. Define

b
JRECES
the integral of f over [a,b] to be

/abf(t) dt = /abu(t) dt+i/abv(t) dt.

5.2 Definition. Let z(t) = a(t) + ib(t) be a complex function on a < ¢ < b.
a) The curve «y determined by z(¢) is piecewise differentiable and we set
2'(t) = d(t) + b (t).

If 2, y are continuous on [a, b] and C! on each subinterval [a, t1], [t1, 2], . - -,
[tn—1,b] of a partition of [a,b] (i.e. C! on the interior of each subinterval
and the derivatives have one-sided limits at the endpoints).

b) The curve « is also piecewise smooth if 2/(t) # 0 except at (possibly)
finitely many points in [a, b].

5.3 Definition. Let v be a piecewise smooth curve given by z(t), a < t < b,
and let f be complex valued continuous at each point z(t), a < t < b (this is
called the track of «, written [y]). We define the integral of f along v by

[yf(t) dt := /abf(z) -2 (t) dt.

That is,
n ti
/f(t) dt ;:Z/ f(2)-2'(t) dt
el i=1 Jti—1

where a =ty < t; < --- <t,_1 <t, =bis a partition as in Definition 5.2.

5.4 Definition. The two curvesv; : z(t), a < t < b, and v9 : w(t), ¢ < t < d, are
smoothly equivalent and write v; ~ 79 if there exists a one-to-one mapping
A(t) : [e,d] — [a,b] such that A(c) = a and A(d) = b, A'(t) >0, c <t < d and
w(t) = z(A(t)). Tt is easy to show that ~ is an equivalence relation.

5.5 Proposition. Suppose 71 ~ 2 both piecewise differentiable and f is con-
tinuous at all points in [y1] = [y2]. Then

/n flz)dz = /Yz f(z) dz.

19
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Proof. Let f(z) = u(z) +iv(2), y1 : 2(t), v2 : 2(A(t)) on a <t < b. Then

b b
£(2) dz:/ w(x(t)) - 2/ (1) dt—/ V(=) - o/ (1) b+ -
b

b
+i/ u(z(t)) -y (t) dt +i/ v(z(t)) - 2'(t) dt.

Also,

d
() dz = / (A1) + iw(=(AO))] - [/ (A1) + iy (A®))] - N (1) dt.

V2

We can also multiply this out to again get four terms. Now compare each of
them term by term with the corresponding one from the first integral over ;.
For example,

d b
/u(z()\(t)))-x’()\(t))~)\’(t) dt:/ w(x(s)) - 2'(s) ds

by substitution where s = A(t), ds = X (¢) dt. Similarly we show the other three
terms and equal. [ ]

5.6 Definition. Given a curve « defined by z(¢), a < t < b, we call —y the
curve defined by z(b+a —t), a <t < b.

5.7 Proposition. Let v : z(t), a < t < b be piecewise differentiable and f
continuous on [y]. Then

/7 () dz = —Lf(z) d.

Proof. Writing out the integral

b
/_f(z)dz:/f(z(b—l—a—t))'%(Z(b—ka—t))'dt.

Let w =b+ a —t, du = —dt. Then the latter equals

b b
[ ey g de = [ ) 2w du

Il
~
—~
N

Q.

N

20
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5.8 Example. 1. Let f(z) = 22 +iy? for z = x +iy. Define 7y : 2(t) = t +it,
0<t<1. Then

1 1 1 27,
_ 2 42 . _ 2 2 34 _ o 2 4, 4
Lf(z)dz—/o (2 +it2)(1+1) dt = (1+1) /O ¢ dt—QZ/O Par=2

2. Consider

1 1 z 1y
z

f(Z): m+iy:z2+y2_x2+y2.

Define 7 : z(t) = Rcos(t) + iRsin(¢t) for 0 < t < 27 and R # 0. Then

27 R
/f(z) dz / (COSt— zsmt) (—Rsint +iRcost) dt
¥ 0

R R

27
/ 1 dt = 2.
0

3. Let f(z) = 1 and ~ be piecewise differentiable. Then

Lf(z) dz = /ab 2'(t) dt = z(b) — z(a).

5.9 Proposition. Let v be piecewise differentiable, f,g be continuous on [7]
and let a € C be any constant, then

1. [Y(f(z) +g(z)) dz = Lf(z) dz :I:/g(z) dz.

~y

2. Laf(z) dz:oz/Wf(z) dz.

5.10 Lemma. Let G(t) be a continuous complex valued function on [a,b]. Then

/:G(o dt </;|G(t) dt.

Proof. Suppose
b
/ G(t)dt=Re?®,  R>0.
From 5.9,

b
/ e PG(t) dt = R.

21
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Write e =G (t) = A(t) +iB(t). Then

b b
R= / A(t)dt| = / Re(e G(t)) dt

b .

< / |Re(e*’9G(t))| dt
ab ‘

< / le=G(t)| dt
ab

- [1eo at

as |Rez| < |z| and |e7%| = 1. [ |

5.11 Definition. For a piecewise differentiable curve 7, we define the length
of v, £(7) by

b
()= [ ] d

5.12 Proposition (M-L Formula). Suppose v is piecewise differentiable of
length L and f is continuous on [y] with |f| < M on [y]. Then

/7f(2) dz

Proof. Let 7y : z(t) = z(t) + iy(t) on a < t < b. Then

Lf(z) dz

<ML.

b
/’ﬂdw»a@wﬂ

N

b
/'u@@nwzm|w

N

b
/ M |2 (t)| dt

b
M/ |2/ (t)| dt = M L.
|

5.13 Example. Let v = C(0,1) oriented counter clockwise. Let |f| < 1 on

C(0,1). Then
/f(z) dz

5.14 Proposition. Let v be piecewise differentiable and let f, be a sequence
of continuous functions on [y] which converges uniformly to a function on [v].
Then

< 2.

n—oo

/f(z) dz = lim [ fu(2)dz.

22
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Proof. Observe

Af(z) dz—/yfn(z) dz

Let € > 0 and ng € N be such that

/ (f(2) = ful2)) dz

< [17&) - fula)] d

|f(z) = fu(z)| < e on [y] for all n > ng.

[yf(z) dz—[yfn(z) dz

Since € > 0 was arbitrary, the result follows. [ |

Then by 5.12,
< el(y).

5.15 Proposition. Let U C C be open. Let f be differentiable on U and ~y be
a piecewise smooth curve lying inside U. Then if f has a primitive F on U,

/f(z) dz = F(z(a)) — F(z(b)) where v : z(t), a <t < b.

Proof. Suppose without loss of generality that -y is smooth. Let H(t) := F(z(t)).
Then

F(z(t+h)) — F(z(t
H(0) — i P D) = ()
h—0 h

Differentiate complex-valued fuctions of a real variable by differenti-
ating real and imaginary parts, respectively, in the sense of single-variable
calculus.

o F(z(t+h) — F(2(t)) 2(t+h)—=2(@1)

h—0  z(t+h) — z(1) h

Since 2’(t) # 0 since z is smooth by the mean value theorem of cal-
culus, we can find § > 0 such that if |h| < ¢ and z(t) = u(¢t) + w(t),
then

z(t+ h) u(t + h) —u(t) +iv(t + h) —v(t)

hu'(t 4 61h) + ihv' (t + O2h)

for some 0 < 1,02 < 1. Since at least one of u’,v’ is nonzero on a
d-neighborhood of ¢ (since « is C*), it follows from above that for |h| < 6,

z(t + h) # z(t).
Thus, by letting h — 0, we see that

H'(t) = F'(2(1)-2(t)

Then b
[yf(z) dz :/a F(z()) - 2 (t) dt.

23
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By the Fundamental Theorem of Calculus, since H (t) is a primative for f(z(¢))-
Z'(t), the above is simply

H(b) — H(a) = F(2(0)) = F(2(a))

as required. [ ]

6 Cauchy’s Theorem for a Rectangle

Let us denote by R a filled and closed rectangle with sides parallel to the real
and imaginary axes. By OR, we denote a closed curve which traces out the
perimeter of R in a counter clockwise direction starting at the bottom right
corner. n.b. This is a well-defined concept.

6.1 Theorem. Let f be differentiable on an open set U which contains the

rectangle R. Then
/ f(z)dz=0.
OR

Proof using the Bisection argument. For any rectangle S C U, define
ns) = [ 1) e
a8

If we divide R into four congruent rectangles R(y),. .., R4, then

4

n(R) =Y n(Re).

i=1

By the triangle inequality, for at least one i,

[n(Bew)| > 3 ()]

Otherwise,
n(R)| = [n(Rw)+ - +n(Rw)|
< n(Ray)|+ -+ [n(Rey)|
1 1
< g @B+ 4 n(R)|

In(R),

which is a contradiction.

Call this chosen rectangle R;. Now repeat the argument to divide R; into
four congruent rectangles to get Ry. Etc. Then we get a nested sequence of
rectangles Ry C Ry C -+ such that
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Hence |n(R,)| = 47" |n(R)|. Then since diam R,, = 2~"diam R, and each R,
is closed,

ﬂRn = {z*} for some z* € C.

To see this, pick a point z, € R, for each n. Since the rectangles are
nested and diam R,, = 27" diam R. The sequence {z,} is Cauchy. Hence
zn — 2%. It is easy to see that z* will not depend on our choice of {z,}.

Now let § > 0 be such that f(z) is differentiable on D(z*,d). Given £ > 0, by
differentiability of f at z*, we can make § smaller if needed so that

flz) = F(z")

gt * <
) IED | <
if |z — z*| < 4. Then

1f(z) = f(z") = (2 = 2")f'(z7)] < elz = 2
if |z — 2*| < 4. Now by 5.15, for each n,
/dz:O and /zdzzO.
OR,, ORy,
Since if g, G are such that G’ = g on U, then

/g(z) dz =01if S C U is a closed path.
s

Hence

(R, = / f(2) d
OR

- / (F(2) = F(z") = (2 — ) f'(2") d=.

OR,

Hence by 5.10,

n(Ey)]

N

/ 12 — 2*||dz|
R,

< €diamRn~/|dz|
Ry

= ¢-27"diamR-4(OR,)
= e¢-27"diam R -27"¢(OR).

25
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Hence
47" In(R)| < |n(Rp)| < €-47" diam(R)((OR),
and so
In(R)| < e - diam(R) - £(OR).
Since € > 0 was arbitrary, n(R) = 0 as required. |

Note that we only used that f was differentiable. We didn’t need that f was
holomorphic or analytic. We need to generalize the result.

6.2 Theorem. Let f be differentiable on an open set U containing a rectangle
R except at possibly finitely many points where it is continuous. Then

84 f(z) dz =0.

Proof. Without loss of generality, we need only consider when there is just one
point, a, where f may not be differentiable. There are three cases.
Case 1: Suppose a ¢ R. Just make U smaller and apply the previous result.
Case 2: Suppose a € OR. Divide up R as follows:

- - OR

— OR — a

By the previous result and cancellation, if

/ f(z) dz =0, then /f(z) dz =0.
OR

ORo

Let € > 0 and assume without loss of generality that £(ORy) < e. Now if f is
continuous at a so there exists § > 0 such that we can find some M such that

lf(2)| < M if |z—a| <.
Then

/ f(z) dz| < Me by 5.12.
Ro

26
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OR

A

Since € > 0 was arbitrary, the result follows in this case.
Case 3: Suppose a € Int(R). Then the case reduces to Case 2, and the result
follows. [ ]

6.3 Corollary. Let f be differentiable on U C C open, let a € U, and define

g(z) on U by
f(Z)—f(a)7 z#a
9() = 1'(a), z = a.
Then
/g(z) dz =0 for all rectangles R C U.
OR

Primitives - (First Version)

6.4 Theorem. Let [ be continuous on an open disk D = D(a, R) and suppose

/f(z) dz=0
OR

for every rectangle R C D. Then f has a primitive F' on D.

Proof. Define F(z) on D by
F(z)= f(z)dz

where ~y is any path from a to z in D containing one vertical and one horizontal
line segment. Since

/f(z) dz = 0 for all rectangles R C U,
OR

F(2) is well-defined. Let f(2) = u(z) +iv(2) and F(z) = U(z) + iV (z). Let h

27
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be real. Then if zy € D,
F(zo+h)— F(z)

1
P ) = [ @ )
[z0,20+h]
- 5 | U@-seds
[z0,20+h]

By continuity of f at zg, given € > 0, there exists § > 0 such that
|f(2) — f(20)|] < € whenever |z — zg| < é.
Hence if |h| < 4,

F(z Jrh}i—F(zo) ~ Fx)

edz=ce.

SRS

<

[z0,20+h]

Since h € R, zg € D was arbitrary, the partial derivatives U, and V, exist on D
and
U,=u and Ve, =wvonD.

Since f is continuous on D, so are U, and V,. Similarly if we look at

F(ZO + Z];]i — F(Zo) B f(Zo)

for k € R, we see that U, and Vj, exist on D and

Vy=u and Uy=vonD.

28
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So, in particular, U, and V} are continuous on D. Hence the first-order partial
derivatives of U and V exist on D, are continuous on D, and satisfy the Cauchy-
Riemann equations on D. Hence by Proposition 3.3, F' is differentiable on D
and

F'(z) = Fy(2) - f(2) on D.

6.5 Corollary. Let f be differentiable on an open disk D = D(a, R). Then

/ f(z)dz =0 for all piecewise smooth closed paths ~y C D.
gt

Proof. Let 7 : z(t), a <t < b be a closed piecewise smooth path in D. By 6.1,

/f(z) dz = 0 for all rectangles R C D,
OR

and f is continuous on D since f is differentiable on D. Hence by 5.15, f has a
primitive F' on D. Then by 5.15,

[ #6)ds = F0) - Flata)) =

6.6 Corollary. Let Q) be a domain and f be continuous and complez-valued on
Q. Then if

/ f(z)dz =0 for all piecewise smooth closed curves v in €,
.

then f has a primitive F' in Q.
Proof. Pick a € Q. For any z € , define

F(z)[yf(z) dz

where v is any piecewise smooth path in  from a to z. By hypothesis, F' is
well-defined (doesn’t depend on the choice of 7). If we now let § > 0 be such
that D(z,d) C €, then the same proof as for 6.4 shows that F’'(z) = f(z). Since
z € ) was arbitrary, the result follows. [ |

7 Cauchy’s Integral Formula in a Disk, Taylor’s
Theorem, Applications

Notation. C(a, R) denotes the circle centered at a with radius R with a counter
clockwise orientation.

29
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7.1 Lemma. For anya € C, R >0 and any b € D(a, R),

d
Z_Zb = 2rmi.
C(a,R)
Proof. Suppose z € C(a, R). Then
1 1 1 1
z—b z—-b—(b—a) z-—a 17(b7a>.
zZ—a
Since |b—a| < R = |z — al,
b — al
<1
|z —al

and we can expand this expression as a geometric series which converges uni-
formly for every z € C(a, R).

L () e () e
1 (b—a) (b—a)?

z—a (2—a)® (2—-a)

By Proposition 5.14 on path integrals for uniform convergent sequences of func-

tions,
dz dz (b—a)
= dz =+ - .-
/ b—a / z—aJr / (z — a)? S
C(a,R) C(a,R) C(a,R)
2t 4+ 0+ 0+ - = 2me.

7.2 Cauchy’s Integral Formula in a Disk. Let f be differentiable on an
open set U containing the closed disk D = D(a,R) (0 < R < o). Then if
b€ D(a,R) (open disk),

EER A CW

omi z2—b
C(a,R)

f(0).

Proof. By the compactness of D(a, R), we can find a bigger radius R’ > R such
that
D(a,R) C D(a,R) C D(a,R')=D" CU.

fE-re®) £b
2) = z—b ’
9(2) {f’(b), » = b.

For z € U, let
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By 6.3,

/g(z) dz = 0 for all rectangles R C D’.
OR

So by Theorem 6.4, g has a primitive G on D’. Hence by 5.15,
/ g(z) dz = 0 for all piecewise smooth closed curves v C D’.
.

In particular,

C(a,R)
Hence
JRCE o
z—0b
C(a,R)

which implies

7.3 Taylor’s Theorem. Let f be differentiable on an open set U containing
D(a,R), 0 < R < oo. Then [ has power series expansion

f(2) =Y an(z—a)"
n=0

This series converges on D(a, R) and converges uniformly on D(a,p) for any
p < R, and the series has radius of convergence greater or equal to R. Also for
any 0 < p < R,

Qnp 7’7/20

n! 271
C(a,p)

(n)
SN S C RS
(z —a)ntt
In particular, f is infinitely differentiable on D(a, R).

Proof. Let 0 < p < R and let z € D(a,p). Use the same trick as for Lemma
7.1. By the Cauchy integral formula 7.2,

f(z):% / %dw.
)

Cla,p
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Now

and the series converges uniformly on C(a, p). So,

f(z):%m. / {Z(f_—gll}ﬂw)dw.

Clap) "0

By 5.14, we can write this as

(z —a)
10 = =Y [ e
=00 (a,p)
1 & f(w)
= e _—_— d — n
2mi e~ (w—a)*t! welz=a)
"=\ C(anp)
We can write the latter as
z) = Z an(z—a)"
n=0
where ) f(w)
w
n=— ————dw, 2 0.
“ 2mi (w—a)*t! v "
C(a,p)

By reversing the argument, we see that this series converges for every z € D(a, p)
(and in fact the convergence is uniform). By the radius of convergence theorem
4.3, the radius of convergence of > ay,(z — a)™ is greater than or equal to p.
Since a, = f(”)(a)/n! or by the uniqueness of power series, we see that a,, does
not depend on p. Since p < R was arbitrary, the radius of convergence of

Z an(z—a)"
n=0

is greater or equal to R. Since power series converge uniformly on smaller disks
than the disk of convergence,

Z an(z —a)”
n=0

converges uniformly on D(a, p) for any p < R. [ |
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Corollaries to Taylor

7.4 Corollary. Let f be differentiable on a neighborhood of D(a,R). Then f
is analytic on D(a, R) and in particular is infinitely differentiable on D(a, R).

Proof. Combine Taylor with infinitely differentiable inside the disk of conver-
gence. |

This shows how much stronger complex differentiability is compared to Rie-
mann differentiability.

7.5 Morera’s Theorem. Let U be an open set and let f : U — C be a
continuous complex-valued function such that

/f(z) dz=0
OR

for all rectangles R C U. Then f is analytic on U.

Proof. Suffices to show that if @ is any point in U and D(a,r) C U, then f
is analytic on D(a,r). By 6.4, f has a primitive F' on D(a,r). By 7.4, F is
analytic on D(a,r) and infinitely differentiable. Since F’ = f, f is infinitely
differentiable on D(a,r). Hence f is infinitely differentiable and hence analytic
on D(a,r) by 7.4. ]

7.6 Corollary. Let f be differentiable on an open set U, let a € U, and let g(z)
be given by

Then g is differentiable; in fact, g is analytic.

Proof. By 6.3,
/g(z) dz = 0 for all rectangles R C U.
OR
Hence g is analytic by Morera’s Theorem. [ |

7.7 Goursat’s Theorem. Let U C C be open and let f : U — C be differen-
tiable. Then f is analytic on U.

Proof. Immediate from 7.4. [ |

7.8 Cauchy’s Estimates. Let f be differentiable on a neighborhood of D(a, R)
and suppose |f(z)| < M on C(a, R). Then for alln >0 and z € D(a, R),

Mn!
R

£ <

33
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Proof. Recall that by Taylor, f has a power series

o0
Z an(z —a)"
n=0

on D(a, R') for some R’ > R. Then by Taylor again:

S (a) 1 / f(z) 1 / |f(2)]
nl = =|— " __dz| < — — 2 dz.
] ‘ n! 2mi (z —a)ntl * 2 |(z — a)rt1| *
C(a,R) C(a,R)
Now by 5.12,
1 M M
< —— - 2R= —.
o ot 2=
The result follows. u

7.9 Liouville’s Theorem. If f is a bounded entire function, then f is constant.

Proof. Suppose |f(z)] < M on C. Let z € C. Then if R > 0, f is analytic on
D(z, R). Hence, by Cauchy,

M
!
< —.
rel<g
Letting R — oo and using the fact that z was arbitrary shows that f* = 0 on
C. Hence f is constant. [ ]

7.10 Fundamental Theorem of Algebra. Let P be a polynomial with com-
plex coefficients and degree d > 1. Then P has a root in C.

Proof. Suppose not. Write
P(z) = agz® +ag_12 4+ -+ ag

with ag # 0. The latter can be rewritten

ag—1 1 a
P(z):a,dzd<1+dl-+--~+ Od>-
aq z aqz

Thus shows that for R sufficiently large,

d|R?
(o) > PR L s R
z
Now consider 1
@ is entire since P has no zeros. Also
z
1Q(2)] < Tan R for |2 > R.

Q is also bounded on D(0, R) since it is continuous and D(0, R) is compact.
Hence @ is bounded and entire. By Liouville’s Theorem, @ is constant. Hence
P is constant, which is impossible as deg P > 1. [ ]
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8 A Mixed Bag

8.1 The Identity Principle. Let f be analytic on a domain Q and let a € .
The following are equivalent:

(1) f=0o0nQ,
(2) f™(a) =0 for alln > 0.

(3) There exists a sequence of points z, with z, # a for alln, z, — a and
f(zn) =0 for all n.

Proof. (1) = (2) trivially. (2) = (3): Suppose that D(a,r) C Q. Then f has a
Taylor series about a on the disk D(a,r). Hence f =0 on the disk. (3) = (1):
As above, f has a Taylor series on D(a,r). So by uniqueness of power series,
f =0 on the disk. Now let

A={z€Q: zis alimit of zeros of f}.

The same argument as above shows that A is open in 2. By the continuity of
f, Ais closed in €. Since A is both open and closed, it is either empty or the
entire set. Since a € A, A # &. Hence A = Q. By continuity again, f = 0 on
Q. [

8.2 Corollary. If two functions f and g are analytic on a domain ) agree on
an infinite set of points which has an accumulation point in §2, then

f=gonQ.
Proof. Apply 8.1 to f — g. [ |

8.3 Mean Value Theorem. Suppose U C C is open, f is analytic on U,
a €U andr >0 such that D(a,r) CU. Then

1 2m

f(a) f(a+re') de.

= % ;
Proof. Cauchy Integral Formula on a disk

1
1 f) 4,
21 zZ—a
C(a,r)

On C(a,r), let z =a+re’?, 0 < 0 < 27 and dz = ire'® df. So,

1 27 0 ) 1 27 )
S WLZG) ire® 40 = — [ fa+re®) do.
27 J, re 21 Jo

f(a)
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8.4 Maximum Modulus. Let f be analytic on a domain Q@ and suppose a € §2
s such that
|f(a)] = |f(2)| for all z € Q.

Then f is constant.

Proof. Let A={z¢€Q:|f(2)|=|f(a)|}. By 83, if D(a,7) CQand 0 < p <,

I ; 1
fla)l < 52 [ Iftare®)| 0 < 1) - 27 = | (@)
Hence
L #)))do =0
5 | @11+ re)) do =0,

This is the integral of a continuous nonnegative function and so

[f(2)] = |f(a)] on C(a, p).

Hence since 0 < p < r was arbitrary,

|f(2)| = [f(a)| on D(a,r).

This argument shows A is open in ) ans A is closed by the continuity of f.
Since {2 is connected and a € A, |f| is constant on Q. Then, f is constant on
Q. [

8.5 Corollary. Let ) be a domain, f be analytic and non-constant on Q and
continuous on ). Then if a is such that

|f(@)| = |f(2)| for all z € Q,
then a € 0N).

8.6 Minimum Modulus. If f is a non-constant analytic function on a domain
Q, then no point z € Q can be minimum for |f| unless f(z) = 0.

Proof. Suppose note. Apply the Maximum Modulus Theorem to g =1/f. &

8.7 Open Mapping Theorem. The image of a domain ) under a non-
constant analytic function f is again a domain.

Proof. f(£) is connected since § is connected and f is continuous. To show
f(£2) is open, let a € Q and we show the image of a disk around a contains a
disk around f(a). Without loss of generality, assume f(a) = 0. By the Identity
Principle, there exists a circle C(a,r) C © such that f(z) # 0 on C(a,r). Let

% = mi .
€ Zergégr)lf(Z)\

We want to show that
f(D(a,r)) D D(0,¢).
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z-plane w-plane

Let w € D(0,¢) and consider f(z) —w. For z € C(a,r),
) =] > () = w] > 22— e =,
While at a,
£ (2) —w| =0 —w| = [w| <e.

Hence, |f(z) — w| assume its minimum value inside C'(a, ). By Minimum Mod-
ulus Theorem,
f(2) —w = 0 somwhere inside C(a,r).

Thus, w is in the range of f|pq,r- [ |

8.8 Corollary. Suppose Q2 € C is open is open and f : Q) — G is bijective and
analytic. Then f~1: G — Q is analytic and

1
Y% = ——.
U= )
Proof. By Open Mapping Theorem, G is a domain and f~! is continuous on G.
Result follows from Proposition 2.4. [ |

8.9 Schwarz’ Lemma. Suppose f : D — D is analytic with f(0) = 0. Then
(i) 1£() < J2l;
(ii) 1f'(0)] <1,

with equality in either of the above if and only if f(2) = ze'® for some 6 € R.

f(;), z2#0
9(=) = {f’(z)7 z=0.

Proof. Define
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By 7.6, g is analytic on D. If 0 < r < 1, then
1
lgl < = on C(0,7)
r

by Maximum Modulus (8.4). If we now let r increase to 1, then we see that
|g| <1 on D which proves (i) and (ii). Also if |g(z9)| = 1 for some zy € D, then
lg| = 1 on D by Maximum Modulus and so g(z) = € on D for some § € R.
Thus, f(z) = ze®. |

9 The Homotopic Version of Cauchy’s Theorem,
Simple Connectedness, Integrals Over a
Continuous Path

Let U C C be open and let 7 : [a,b] — U be a continuous path. From now on,
for the sake of convenience, we shall assume that v : [0,1] — U. We can always
ensure this anyway by reparameterizing. From now on, denote [0,1] by I.

9.1 Definition. Let U C C be open. Two closed continuous paths 7y, :
I — U are said to be homotopic in U if there exists a continuous function
I': I x I — U which satisfies

I'(s,0) = vo(s) and I'(s,1) = y1(s) for 0 < s < 1,

and I'(0,t) = I'(1,¢) for all t € I. ¢ measures which path you are on and s
measures how far along a given path you are. Two continuous paths g,y :
I — U (not necessarily closed) are fixed-endpoint homotopic in U if they
have the same endpoints and there exists I' : I x I — U where T is continuous
and satisfies

I'(s,0) = vo(s) and I'(s,1) = y1(s) for 0 < s < 1
and
I'(0,t) = v(0) = 71(0) and I'(1,¢) = vo(1) = 1 (¢) for 0 <t < 1.
From now on, abbreviate fixed-endpoint homotopic by FEH.

9.2 Proposition. For any U C C open, homotopy in U and FEH in U are
equivalence relations.

Proof. We shall only prove the case for homotopy. Reflexivity: If vo &~ 71 in U
via the homotopy T, then 71 & vy in U via the homotopy I'(s,t) = I'(s, 1 — t).
Symmetry: If v is a loop in U , then v~ v via I' : I? — U where I'(s,t) = v(s).
Transitivity: Suppose 79 = 71 in U via I' and 73 = 79 in U via A. Then
® : I? — U defined by
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Homotopy

Fixed-Endpoint Homotopy

%
.7

1

is a homotopy from ~q to vs.
|

9.3 Definition (Composition of Paths). For two paths (not necessarily closed)
v, n with v(1) = n(0), we define the composition 7 o v to be the path

(2, 0
(no(t) = {n@t b

Note that if v, n are piecewise differentiable and f is continuous on [v], [1],

hen
t /f(z)dz/vf(z)der/vf(z)dz.

9.4 Proposition. Let U C C be open. If vo,7v1,M0,m1 are continuous paths in
U (not necessarily closed) with

Y1) =m0(0)  and (1) =n(0).
If v9 is FEH to v1 in U and ng is FEH to m in U, then

Nooo ts FEH tomy o7y in U.
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t
—
A
A
1
2
r
"
s g

Proof. Let T'; A be FEHs between vg,7v: and 19,71, respectively. Define & :
I? - U by

[(2s,t 0<s<
(I)(S,t)z (87 )? 1 S
5 <8<

—_ N

Then ® is continuous since

@(;¢):ru¢):%u):%m):A@s_Lu

Also
I'(2s,0 0<s<
@(570) _ ( 87 )) 1 S 2
A(2s—1,0), 5<s<1
~0(2s), 0<s<3
B no(2s — 1), %gsgl
= Tlo°"70-
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Similarly, ®(s,1) = (71 o y1)(s). Finally,

®(0,t) =T'(0,t) =70(0) = 1(0) = (10 ©70)(0) = (170 © 70)(0)
and

O(1,2) = A(L,t) = no(1) = m(1) = (0 ©70)(1) = (m ©71)(1).
Hence @ is a FEH in U from ng o vy to 71 0 7. [ |
9.5 Definition. If U C C is open and 7 is a closed path (loop) in U, we say

~ is null-homotopic in U or homotopic to zero in U if v is FEH in U to the
constant path v(0) = (1). Write v ~ 0.

9.6 Proposition. If U C C is open and v is a path in U (not necessarily
closed), then

Q

—yor 0mU

yo—y = 0iinU.
9.7 Proposition. Let U C C be open and zy € U. Then the set of equivalence
classes under FEH in U of loops starting and ending at zy, together with the

operation of composition of paths, forms a group. Call this the fundamental
group of U with basepoint zo and write m (U, 2p).

9.8 Proposition. Let U C C be open and let z1, z3 be points in U for which we
can find a path «y in U with v(0) = 21 and y(1) = z2. Then w1 (U, z1) ~ 71 (U, z2).

Hence, we usually omit the basepoint from the notation.

9.9 Definition. A domain Q2 C C is simply connected if every loop in Q is
null-homotopic in €.

9.10 Cauchy’s Theorem (Homotopic Version for Piecewise Differentiable
Paths). If U C C is open and ~o,71 are two piecewise differentiable paths in U
which are homotopic in U, then

/70f<2)d2_/~y1 f(z)dz

for all analytic functions f in U.

Proof. Let T' : I? — U be the homotopy from 7y to ;. Since I is continuous
and I? is compact, I' is uniformly continuous on I? and I'(I?) is a compact
subset of U. Hence

r = dist(T'(I?),C\ U) = irn(fp) i%f\U |z —w| > 0.
z€ we

By uniform continuity, we can find n € N such that s,s’,¢,¢ € I and

V=S E - rE <
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then
[T(s,t) —T(s', )| < 7.
Let -
ij:r<],> for 0 < j.k <n
n'n
and set o E ka1
T = {J,JJ“ } x [+} for 0 < j,k<n-—1
n’ n n n
Now
2 2
diam(Jj5) = £ < -,
n n
and so

P(ij) C D(ij,r) cU

by the definition of T'.
If we let Pj;, be the closed polygon

(Ziks Zj1 ks Zjv1, k415 Zjkt1, Zjg] for 0 < gk <m —1,

then the vertices of Pj lie in D(zjx,r), and since disks are convex, Pj, C
D(Zjg,r). Then by Corollary 6.5, if f is analytic in U, then

/ f(z)dz=0. (3)
Py,

/Wf(z) dz = L £(2)dz

for any f analytic in U by the “ladder” we have constructed one rung at a time.
For 0 < k < n, let Qi be the polygon

Qr = [Zok, Z1ks - -+ Znk = Zok)-

We now show

We show that

(2)dz = f(z)dz = f)dz=---= f(z)dz:/ f(z)d=.
Qo Q1 "

Yo
To see that

for 0 <j<n—1,set

: 1
75(t) = (1) for % <t< %

Then 0 — [Zj0, Zj41,0] is a closed path in D(Pjj,r) where

/ F(=)dz = 0.

0;—[Zj0,Zj+1,0]
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Note: This is where we use the fact that o is piecewise differentiable
so that v0 — [Zjo, Z;j+1,0] is piecewise differentiable. Remember, we only
know how to integrate over piecewise differentiable paths.

/Ujf(z)dz: / F(2) d.

[Zj0,Zj+1,0]

Hence,

Summing over j gives

/ f(z)dz = f(z)d=.
70 Qo

The same argument gives that
(2)dz = f(2)d=.
1 Qn

Zisr, k+1

\ P
A

Zin,k

Zf+2.k

To show
(z)dz':/ fz)dzfor 0<k<n—1,
Qk Qlt1

first note that by (?7?),

n—1

Z / f(z)dz=0. (4)
=0 Fir
Each of the “vertical” sides appears twice, once as [Zj, Z; y+1] and once as

[Z; k+1, Zok), and so the integrals over these sides cancel.

The integral over [Zo k+1, Zok] cances with that over [Z,i, Zn k+1] by
the definition of homotopy where

ro,t) =T(1,t) for 0 <t < 1.
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Each of the “horizontal” sides [ij7 Zj’kJrl] is traversed exactly once. Each of
the horizontal sides

[Z; k+1, Zj+1,5+1] Is also traversed exactly once but in the opposite direction as
[Zj+1,k+1, Z;k]. Combining these three observations with (??) gives

Qr—Qr+1
SO
(2)dz = / f(z)dz
Qk Qlet1
as required and the proof is complete. [ ]

9.11 Corollary (Independence of Paths Theorem). If U C C is open and o,y
are two piecewise differentiable paths with the same endpoints (not necessarily
closed) which are FEH in U, then

5 (z)dz:fy1 f(z)dz

for all f analytic in U.
Proof. Let I' : I? — U be the FEH. Then A : I? — U given by

A(s,t) = qT(1—t,t+(Bs—1)(1 —1)), 3<t<3
(B =3s)(1 1)), 2t
is a FEH from —v; 0 7g to 70(0) = 71(0). Now apply 9.10. |
t 5 7,
Z2<t<1
1 2
3stsy
0<t<+
: s
1-t g
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Integrals over General Continuous Paths

How to integrate an analytic function over a path which may not be piecewise
differentiable.

9.12 Lemma. LetU C C be open and let vy : I — U be a continuous path. Then
there exists another piecewise differentiable path ~' consisting of horizontal and

vertical line segments which has the same start and endpoints of v and which is
FEH to~ inU.

Proof. Since « is continuous and I is compact, <y is uniformly continuous on I
and (I) is a compact subset of U. Hence

r =dist(y(I),C\U) > 0.

(Note that y(I) = [y].) By uniform continuity, we can find n such that if
|s —s'| < 1/n, then
[(s) =(s)] <.

Set z; = y(j/n) for 0 < j < n and o;(t) = v(¢) for j/n <t < (j+1)/n and
0<j<n-—1. Then

0] € D(zj, 7).
Since disks are simply connected, we can replace o; by a path 0'; in D(z;,r)
which consists of one horizontal and vertial line segment which runs from z; to
zj+1. Then clearly o; is FEH to o7 in D(z;,7).

Then the path

/ / /
Y =0,.100,_10::001000

is a path in U which is FEH in U to ~ and is clearly piecewise smooth. ]

Note that in fact we can take our path to be smooth and not just piecewise
smooth.

We can now define the integral of an analytic function defined on an open
set over a general continuous path.
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9.13 Definition. Let U C C be open and let v : I — U be a continuous path.
If f:U — C is analytic, we define the integral of f over v by

[yf(z)dz[{/f(z)dz

where v is a piecewise differentiable path which is FEH to v in U.
Lemma 9.12 shows we can always find a suitable path «'. However, we still

need to show this is well-defined. As the integral over 7 does not depend on
the choice of .

So suppose 7,7 are two such paths which both are FEH to v in U. Then
by Proposition 9.2, 7' and 4"/ are FEH in U, and so by 9.11,

/w f(z)dz = /7” f(z)d=.

Note that we can now integrate analytic functions over paths which are:
e nowhere differentiable and e infinite-length (non-rectifiable).

Example. Consider the Koch curve:

A S

This is nowhere differentiable. It also has Hausdorfl dimension

log 4
log 3

= 1.26;

whereas, it has infinite length.

9.14 Cauchy’s Theorem (The General Version of the Homotopic Form). If
U C C is open and vy and v1 are two continuous closed paths which are homo-
topic in U, then

(2)dz= | f(2)dz

Yo 71

for all analytic functions f on U.
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Proof. By 9.12, we can find piecewise differentiable paths 4 and +{ in U such
that 4 is FEH to v in U and ~4 is FEH to ;1 in U. Then since for closed paths
if v and n are FEH in U, then they are homotopic, we see by 9.2 that +{, and
~1 are homotopic in U. Then if f is analytic in U,

Amf(z)dz:/yéf(z)dz:/ny1 f(z)dz:[% f(z)dz

by 9.10. [ |

9.15 Corollary (The General Version of Independence of Paths). If U C C is
open and 7y and 1 are continuous paths in U with the same endpoints which
are FEH in U, then

fe)ds= [ pe)d:
Yo 71
for all analytic functions f in U.
Proof. Similar to 9.14. [ |

9.16 Theorem. If Q) is simply connected and f is analytic on ), then

Lf(z)dzz()

for all closed continuous paths v in €.

9.17 Corollary. If Q is simply connected and f : Q — C is analytic, then f
has a primitive on Q.

Proof. By preceding result,

/Vf(z)dz—O

for all continuous paths v in 2. In particular, this holds for all piecewise smooth
closed curves and so by Corollary 6.5, f has a primitive F' on (. [ |

9.18 Proposition. Let Q be simply connected and f be analytic and non-
vanishing on Q. Then there exists an analytic branch of log(f) on Q; i.e. there
exists g : Q — C analytic with

f(z) = e”®.
If zp € Q and e“° = f(zp), we can choose g such that g(zp) = wy.

Proof. Since f never vanishes, f'/f = [log(f)]’ is analytic on © and so by the
Corollary 9.17, f'/f has a primitive g on Q. If h(z) = e9'(*), then h is analytic
on Q and never vanishes (as e* # 0 for all z € C). So, f/h is analytic and its
derivative is
hf' —h'f
2
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But
f'h

h =gih=
! f

So,

hf’—h’fzhf’—}lfl~f:0.
Hence f/h is a constant ¢ on 2. Hence
f =ch=ced" =e9T for some c;.
Now let g(z) = g1(z) + ¢. For the last part, we have

eW0 = 25 — 9(70)

Hence by adding a suitable integer multiple of 27 to g(z), we get a primitive
satisfying g(zg) = wo. [ |

10 Winding Numbers

10.1 Definition. If 7 is a continuous closed path which does not pass through
a point a, we define the winding number or index of v about a, n(y, a)

n( a)—i/ dz
1= on LZ—a

Note that in view of the results of the previous section, without loss of
generality, we can take v to be piecewise smooth when doing any calculations.

10.2 Lemma. If a continuous path -y that does not pass through a, then n(vy,a)
1S an integer.

Attempt at proof:

/ dz _
Ly 2 o

d(log(= — a))

S~ 5

d(log(z — a)) + i / d(Arg(z — a))

0+ / d(Arg(z — a)).

So the answer should be given by how many times the vector v(t) — a turns
‘around’ a, when we let ¢ go from 0 to 1.
This can be made precise, but it easier to do the following.

Proof. Let v : I — C be our path. Remember that we are allowed to assume
that v is piecewise smooth. Define g : I — C by

g(t) :/0 Py(’zl)(s_)a ds.
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Hence ¢(0) = 0 and

Also,

, 7' (s)
git)=——"—for0<t<1
=15 a

by the Fundamental Theorem of Calculus (second part). Hence

d

G000 —a) = OGO @)+ O ()
— 9t —/'(®) —g(t)
R e CORD R
= 0

So e=9®) (y(t) — a) is equal to the constant

e 90 (5(0) - a) = 7(0) — a.

Hence
e 7 (y(1) —a) =4(0) —a
= ¢ 7(y(0) —a) =(0) — a
= e 9W =1
= g(1)=2mik for ke Z
= n(y,a) =k.

10.3 Remark. Tt is clear that n(—v,a) = —n(y,a).

10.4 Lemma. If the continuous closed path -y lies inisde some disk, then
n(y,a) =0 for all points a outside the disk.

Proof. Suppose [y] C D(z,r) for some z and r. If a € D(z,r), then 1/z — a is
analytic and non-vanishing on this disk which is simply connected. Hence by
9.18, there exists a branch of log(z — a) on the disk and so n(y,a) = 0. |

10.5 Definition. If v : I — C is a continuous path, [y] is compact, and so
C\ [7] is open and consists of a number of connected components. We call these
connected components the regions determined by ~.

10.6 Theorem. As a function of a, the winding number n(vy,a) is constant on
each of the regions determined by v and 0 on the unbounded region.
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Proof. Any two points in the same region determined by - can be joined by a
polygonal path consisting of horizontal and vertical line segments (9.12). Hence
it suffices to show the winding number is constant on a line segment connecting
two points in some region determined by 7. (i.e. [y] does not meet the line
segment.) Let a and b be two such consider the function

z—a
z—b"
b
~
z—a
z—0b
a —00 0 i

Off the line segment [a, b], this function is never zero and real. Hence we can
use the principal branch of the logarithm to define a branch of

log (H) off [a, b)].
z—a

1 z—a\ 1 1
08 2—b) z—a z-0

and hence if y N [a,b] = @,

The derivative of
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and n(vy,a) = n(vy,b). Finally, if |a| is sufficiently large, +y is contained in D(0, p)
where p = |a| and so n(vy,a) = 0 by Lemma 10.3. ]

11 Homology

Motivation

Often we have domains which look like the above. Of) consists of several
pieces and we would like to treat it so one object rather than several closed
curves. This leads to the following definition.

11.1 Definition. A chain is a formal sum of the form
F=vi+r+-+m
where 71, ...,7, are continuous paths in C.

We wish to integrate over chains and so if f is analytic on a neighborhood
of each [v;], then we define

/Ff(z)dz_/%f(z)dz+~~+/%f(z)dz.

Technically speaking, the continuous paths are elements of the free abelian group
on l-simplices (chain group C1).

Guiding principle is that two chains are considered equivalent if they yield
the same line integral for all suitable analytic functions f. Given this, the
integral above doesn’t change if we

1. permute two paths.
2. subdivide a path.

3. compose two paths.

ol
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4. reparameterize a path.
5. cancel opposite paths.

Can make these conditions give us an equivalence relation and then formally
consider chians as equivalence classes with this relation.
Chains can be added in the obvious way and using (1) - (5), we can write
any chian in the form
F=aim+-+anvn

where the 7; are distinct and a; € N. Also, if f is analytic on a neighborhood
of each [;], then

/Ff(z)dz:al/%f(z)dz+-~--|—an/ f(z) d.

n

A chain is a cycle if it can be represented as a sum of closed curves. Easy to
see that the following are equivalent:

1. T is a cycle.

2. The initial and endpoint of I" are in one-to-one correspondence.

3./dz=0.
vy

Technically, the mapping

/dz
r

is the boundary mapping 0, which sends 1-chains to 0-chains (which are formal
sums of 0-simplices or points). Note that if f is analytic and has a primitive on
an open set U containing the curves of I', then

/Ff(z) dz =0.

The winding number for cycles is defined in the obvious way. Clearly if I'; and
I’y are cycles, a € [I'q], [I'2], then

n(ly +Tg,a) = n(T1,a) + n(T2,a).

Definition. If 2 is a domain and I is a cycle in €2, then we say I' is homologous
to zero in € if
n(Cya) =0 for alla € C\ Q.

Write I' &~ 0. Two cycles are homologous to each other in Q if 'y — T’y &~ 0 in .

11.2 Lemma. If~y; and v, are two continuous closed paths in U C C open and
Y1 and y2 are FEH in U, then

Y1 = 2 in U.
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Proof. Let a ¢ U. Then 1/z — a is analytic on U and so by Cauchy (9.15),

/ dz _/ dz
’leia’_ 7227(1.

Hence, n(vy1 — y2,a) = 0. [ |

11.3 Corollary. Let Q C C be a domain. Then if Q2 is simply connected, I' = 0
in Q for all cycles T in €.

Proof. Every loop v in 2 is FEH to the constant path. Apply 11.2. [ |

11.4 Lemma. Suppose vy is a piecewise smooth path in C and ¢ is continuous
on [y]. Then for each n > 1, the function F,,

v(<)
F,(2) = / —/—=—d¢
SR A
18 analytic on each of the regions determined by v and
F)(2) = nFyi (2).

Proof. Show first that F is continuous. Let zy ¢ [v] and let 6 > 0 be such that
D(z0,0)N[y] =@. If z € D(29,8/2), then

[¢ — 2] > g for all ¢ € [].
Then if z € D(zp,d/2), from
Fl(Z) — Fl(ZO) = (Z — ZO)‘/Y(C_Z)M
we obtain by the M-L formula (5.12),
2
i)~ Filao)l < 2=l 55 [ Il

~

2
< |z — 20l - 52 ?é?ﬁkp(o ()|

As |z — zg| — 0 and the integral on the right is bounded, continuity of Fj at zg
is proved.
Now apply the above continuity to the function

¢()
¢ — 20
to conclude that

Fi(2) — Fi(z0) / ¢(¢) dc

z— 2 (¢ = 2)(¢ —20)

~ (<)
[
Fs(z0) as z — zp.
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Hence F7 is analytic on each of the regions determined by v and Fy(z) = F»(2).
The general case is shown by induction.
Suppose we have that F_,(z) = (n — 1)F,(z). Then one can check that

Fo(2) — Fu(z0) = M p(¢)d¢ _L w(C)d<]+

(S K () (C—2)"
¢(¢) d¢
— — = (5
e [ e ©
The first part in brackets goes to zero by the continuity of F,,_; for
©(¢)
(-2

The second part goes to zero by a similar argument, by using the M-L formula,
to that. For the continuity of Fj in the base case. Now divide both sides of
(??) by z — z9. The first part of the right hand side of (??) by the induction
hypothesis applied to F,,_1 for

o(¢)

¢— 20
©(¢)

(-2

The second part of the right hand side of (?7?) gives

©(¢)
L €2 —=) ©

and by continuity we’ve just proved applied to F), for

©(¢)

(-2’

gives nF,, for

as z — zg, we get

(9 N B2 (O
/7 C—or(C—m) /7 = o

Adding these gives

4 ) [ e = (e DF o)

This completes the induction and the proof. [ ]

11.5 Homological Cauchy’s Integral Formula. Let U C C be open and
f:U — C be analytic. If T is a cycle which is homologous to zero in U, then
foraeC\ [v],

n(T,a)f(a) = L[ SG) dz.

21 Jp 2z —a
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Proof. Without loss of generality, I" is piecewise smooth. Define ¢ : U x U — C

by
{f(Z)—f(w) 4w
SD(Zv ’LU) = w7
0, z =w.
Then ¢ is continuous on U x U and by 7.6, for each fixed w € U, z — ¢(z,w)
is analytic.
Let
H={zeC:n(l',z) =0}.

Since [I'] is closed and n(T', z) = 0 is continuous and integer-valued on each of
the (open) regions determined by T, it follows that H is open. Moreover, if
z ¢ U, then n(T",z) = 0 since I' ~ 0 in U by definition. Hence, z € H and
HUU=C.
Now define g : C — C by
o(2) = {frcjpi((wz),w) dw, zeU
Jr o2 dw, z€H.

We need to show that g is well-defined. Let z € H NU. Then

/Fso(zaw)dw = /Ff(z)_f(w)dw

= ﬁdw— de
rZ—w rZ—w
e [ dw )
N f()/pz—w Fz—wd
= f(z)QWin(F,Z)—Ajgwi dw
— og [ L) gy,

LZ—w

and g is well-defined.

By 11.4 applied to f(w)/(w — z) and by the fact that a uniform limit of
analytic functions is analytic, g is entire on C. By Lemma 10.5, we can find
R > 0 such that

C\D(0,R) C H.

(Say H contains a neighborhood of infinity.) Since f is bounded on I' and

1
lim =0
z—oo W — 2
uniformly on [I'],
: . f(w)
1 =1 = 0. 6
Jim, 9(z) = Jing, / w—> (6)
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Hence, we can find R’ > 0 such that
lg(2)| < 1if |2| > R'.

Since ¢ is continuous it is bounded on D(0, R’). Hence g is bounded on C and
entire, and so constant by Liouville’s Theorem. It then follows from (??) that
g(z) =0 on C.

Hence if a € U \ [T,

0=gla) = /Ff(’z;:f(a)dz
f

a

ﬁ dz f(a) dz.

r—a re—a

Hence

as required. ™

11.6 Homological Cauchy’s Theorem. Let U C C be open, f: U — C be
analytic. If T' =0 in U, then

/Pf(z) dz =0.

Proof. Apply 11.5 to f(z)(z — a) for any point a € U \ [T7]. [ |

11.7 Corollary. Let U C C be open, f: U — C be analytic. Then if ' =0 in
U and a is any point in U \ [

F™(a)n(T,a) = 2”—7;1 /1‘ (Z_f;)z()n-u) dz.

Proof. Use 11.4 on term under the integral sign to diffeerentiate the equation
in the statement of 11.5 n times (with respect to a). (We assume without loss
of generality that T' is piecewise smooth.) [ |

11.8 Corollary. Let U C C be open and let T be a cycle in U. Thus
/ f(z)dz =0 for all f analytic on U
r

if and only if
I'~0in U.

Proof. (=) Let a € C\U and f(z) =1/z —a. (<) 11.6. ]
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12 Counting Zeroes

Let f be analytic on U C C open. Suppose f(a) = 0 for some a € U. We saw
earlier that using Taylor that the function

9(z) = {f(i—i(a)’ z#a
f@),  z=a

is analytic on U. We can then write

f(z) = (2 — a)g(2)

a formula which remains true at z = a since f(a) = 0.
Continuing this way if aq,...,a,, are all the zeroes of f in U are all the
zeroes of f in U (possibly repated for multiple roots), then we can write

f2)=(=a)...(z = am)g(2)

where ¢(z) is analytic on U and never vanishes on U. Hence, by logarithmic
differentiation, we obtain

Fe 11 g
f(z)  z—a z—am+ 9(2)

(7)

for z # a;. We then have the following theorem.
12.1 Theorem. Let U C C be open and let f be analytic on U with finitely

many 1oots aj, ..., an, (repeated according to multiplicity). If T is a cycle on U
which doesn’t pass through any of the a;, and if T =~ 0 in U, then
1 f/(z) m
— dz = I a;).
omi Jr f2) ;"( (i)
Proof. Integrate both sides of (?77?) over I |

12.2 Corollary. Let U, f, T be as in the last theorem, except that ay,...,am
are points where f(z) = a for some a € C. Then:

G N Ta
/rf(Z)—ad 2_n(Ta0).

i=1

13 Isolated Singularities and Laurent Series

Suppose f is analytic on U C C open except at a € U. What does f do near a?

13.1 Proposition. A function f has an isolated singularity at z = a if
there exists r > 0 such that f is analytic on D(a,r)\ {a} but not on D(a,r). a
is called a removable singularity if there exists g analytic on D(a,r) where

9(2) = f(2) on D(a,r)\ {a}.
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13.2 Theorem. If f is analytic on U C C open except for an isolated singularity
at a € U then z = a is a removable singularity if and only if

lim (= — a) f(z) = 0.

Proof. (=) Obvious.
(<) Suppose lim(z — a) f(z) = 0. Let h(z) be defined as

M@_{@—wﬂa,z¢a

0, z=a
If h is analytic on U, then we’re done since by Taylor we can find g(t) such that

h(t) = (z —a)g(t) — f(2) = g(2), for z # a.

By 6.2, given any rectangle R contained in U (including the inside), h is differ-
entiable on U \ {a} and at a, so

/h(z) dz = 0 for all rectangles R C U.
OR
Hence, by Morera, h is analytic in U and we’re done. [ |
13.3 Definition. If z = a is an isolated singularity of f, then a is a pole of f
if
lim |f(z)] = oo
z—a
and if z = a is an isolated singularity, which is neither removable nor a pole, it

is an essential singularity of f.

Suppose that f has a pole at z = a. Then 1/ f(z) has a removeable singularity
at z = a since

lim =

z—a

1 1
(za)‘lim|za|lim0~

1
f(z) z—a z—a |f(2;)| 0 o
Then 1/f has a removeable singularity by 13.2. Hence

m@:{Uﬂ@,z¢a

0, z=a
is analytic in D(a,r) for some r > 0, and it follows that we can write
9(2) = (z —a)"h(2)

for some m > 1, where h is analytic on D(a,r) and h(z) # 0 on D(a,r) (may
need to make r smaller). Hence

=01 = 1

has a removeable singularity at z = a. We then get the following:
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13.4 Proposition. Let U C C be open, a € U, and | analytic on U \ {a} with
a pole at z = a. Then there is a natural number m > 1 and an analytic function
g(z) on U such that

f(z):&forzeU\{a}.

(z—a)m

13.5 Definition. If f has a pole at a and m is the smallest number for which
the above holds, we say that f has a pole of order m at a.!

Suppose now that f has a pole of order m at z = a and set

S

as in the definition of a pole of order m. Since g is analytic on D(a,r) for some
r > 0, we can write

9(2) = Am + Am-1(z=0) + -+ ALz — )" 4 (2 =)™ Y an(z — o).
k=0
Hence
A £)
f(Z)_(Z—a)m+ +z—a+gl( )

where A,, # 0 and g; is analytic on D(a,r).

13.6 Definition. If f has a pole of order m at a and we then have an expansion
as above, we call
Am Ay

(z —a)™ z—a

the singular part of f at a.
Example (Rational Function). Let

P(z)
Q(2)’

where P and @ are polynomials with no common factors (which implies that
the poles of R are precisely the poles of ). Also, the order of a pole of R at a
is the order of the zero of @ at a.).

So suppose Q(a) = 0 and let S(z) be the singular part of R at a. Then

R(z) =

is another rational function whose poles are poles of R but which doesn’t have
a pole at a.

INote that this implies that g(a) # 0.
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Continuing by induction, we find that if aq,...,a, are the poles of R and
S1,...,Sy are the corresponding singular parts, we can write

R= i Sk(z) + P(2),
k=1

where P is a rational function without any poles. But a rational function without
poles is a polynomial and so we have obtained the partial fraction expansion of
R.

o0
is a doubly infinite sequence, we say > zj,

n=—oo

13.7 Definition. If {z,} ~

o0

is absolutely convergent if

o0 o0
g Zn and g Z_p
n=0 n=1

are both absolutely convergent. In this case, we get

o0 o0 o0
E Zn = E Zn + E Z_n-
n=0 n=1

n—=—oo

If {u,},— . is a doubly infinite sequence of functions defined on some set
[e.e] (o]
Sand > w, is absolutely convergent at each point of S, we say > w, is

n=—oo n—=—oo

uniformly convergent if

oo oo
E Up, and E U_p,
n=0 n=1

are both uniformly convergent on S.
Notation. A(a,r1,r2) ={2€C:ry <|z—a|] <ry} for 0 <r <ry < oo.
13.9 Laurent Series Development. Let f be analytic on

A(a, Ry, R2). Then

o0

[2)= Y anlz—a),

n=—oo

where the convergence is uniform and absolute over any A(a,r1,72) where Ry <
r1 <19 < Rg. Also the coefficients a,, are given by the formula

BRI
= o / (zfa)”“d’ ®)

C(a,r)

where Ry <1 < Ry (any such r will do). Moreover, the series is unique.
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Proof. f Ry <11 <19 < Ra,let 13 = C(a,r1) and 72 = C(a,r2). Then 1 = 72
in A:= A(a, Ry, R2). By Homological Cauchy, if ¢ is analytic on A, then

/Ylg(z) ds = /7 o(2) dz.

In particular, the integrals in (??) do not depend on r so that for each n € Z,
ay is a constant. Moreover, fs : D(a, R2) — C given by

- [ L

C(a,rz)

where |z — a| < ry, Ry < ry < Ry is a well-defined function. By Lemma 11.4,
f2 is analytic in D(a,rs).
Similarly, if

G={z€C:|z—a|l >R} = A(a, R1,),
then f; : G — C defined by
_ 1 f(w)
fl(z)ii% / w—zdw’

C(a,r1)

where |z — a|] > 1y and Ry < 71 < Ry is well-defined and analytic on G. [ ]

If z€ A= (A, R, Rs), choose 11,79 > 0 such that By <7 < |z—a| <ry <
Rs and let v1 = C(a,r1) and v = C(a,r2). Then ' =5 —9; = 0 in A, and so
by Cauchy’s Homological Integral Formula, 11.5, that since n(T", z) = 1,

(o~ LW,

2mt Jpw—z

LS, Ly,

211 vy W — 2 27 w—z

= fa(2) = f1(2).

The plan is to expand f; and fo as power series in (z — a) (with f; having
negative powers).

Since fo is analytic on D(a, Rs), we have a Taylor series expansion by Tay-
lor’s Theorem with,

fa(z) = Z an(z —a)”
n=0

where

(n)
Y IR g

_ a)n+1
C(a,r2)

which matches the form of the statement.
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Now define ¢(¢) for 0 < [¢| < 1/R; by

ﬂozﬁsz)

so that ( = 0 is an isolated singularity.
Claim. ¢ = 0 is removeable.

In fact if r > Ry and we let p(z) = dist(z,C(a,r)) and M = rré&(mx ) |f(w)],
weC(a,r

then for |z —a| > 7,

1 M2nr Mr

S ) )

[f1(2)]

But lim p(z) = oo, so

Z—00

. . 1
Chgg)g(C) = lm f, (a + §> =0.

Hence if we define ¢g(0) = 0, then g is analytic in D(a,1/Ry).
Using Taylor’s Theorem, let

9(¢) = Z Byz"
n=1

be its continuous power series expansion about 0. Since z = a+1/¢, { = 1/(2—a)
and thus gives

hz)=g (Zia> ni:B" ((z—1a>"> '
This gives
fi(z) = g:la_n(z —a)™"
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where
_ _ 1 9(¢)
a—pn=DB, = o / (ntt d¢
C(0,1/r1)
1 / fila+)
- 2mi ¢ntl
C(0,1/7r1)
_ / fi(z) —dz
- 2mi (z—a)~(+tD) (2 —a)?
70(0,’)"1)
1 f1 (Z)
- T P2
2mi / (z —a)—nt! :
C(a,ry)
1 f(z)dz 1 / 1
= —_— _— — n d
2mi / (z —a)="*t1 27 f(2)(z—a) ®
C(a,r1) C(a,r1)
N 1
- 2mi (z —a)—ntl
C(a,r1)

which gives us the formula for the remaining a,, in the statement.
Also, by the convergence properties of the series fi and fs, the Laurent series

oo

Z an(z —a)"

n=-—oo

converges uniformly and absolutely on proper subannuli A(a,ry,re) with Ry <
r1 <719 < Rs.
For uniqueness, suppose

i bp(z —a)”
n=—oo

is another Laurent series expansion for f which converges uniformly on proper
subannuli of some A(a, R}, R}) where

Ri1 < R} < Ry < R».

Then if R} <r < R},

1 > bm(z—a)™ <
- m=-—00 d _ m _ m+n—1 d
2mi / (z —a)ntt : 2_: 2mi / (z=a) ?
C(ar) m=—o0 Clar)
1 f(2) by dz
= o / (z — a)nt1 = = 2mi / z—a bn-
C(a,r) C(a,r)

So, a, = b, for all n and the series is unique.
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14 Using the Laurent Series Expansion to
Classify Isolated Singularities

14.1 Corollary. Let z = a be an isolated singularity of f and let

oo

[ =Y anz—a)

n=-—oo
be its Laurent series expansion in A(a,0, R) for some R > 0. Then
(a) z=a is a removeable singularity if and only if a,, =0 forn < —1.

(b) z = a is a pole of order m if and only if a_,, # 0 and a, = 0 for all
n<-—-m.

(c) z = a is an essential singularity if and only if a, # 0 for infinitely many
negative n.

Proof. (a) If a, =0 for n < —1, let g(z) be defined in D(a, R) by

g(z) = Z an(z —a)".
n=0

Then g is analytic on D(a, R) and agrees with f on A(a,0, R). The converse is
equally easy (uses uniqueness of Laurent series expansion).

(b) Suppose a,, =0 forn < m—1and a_,, #0. (z—a)™f(z) has a Laurent
series expansion with no negative power of f(z). By (a), (z — a)™f(z) has a
removeable singularity at z = a. Then f has a removeable singularity z = a
and f has a pole of order m at a. The converse is obtained by reversing the
argument.

(c) Follows directly from (a) and (b). ]

We already know that
lim | f(a)]

z—a

fails to exist in the neighborhood of an essential singularity. Can we say more?

14.2 Casorati-Weierstrass Theorem. If f has an essential singularity at
z = a, then for all § >0,
f(A(a,0,0)) = C;

that is, the image of any punctured disk about a is dense in all of C.

Proof. Let R > 0 be such that f is analytic on A(a,0, R). We need to show
that for all ¢ € C and all € > 0, for all § > 0, there exists z € A(a,0,d) for
which |f(z) — ¢| < e. Assume this is false:

Jce C, 3 >0, 3§ > 0,
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such that for all z € A(a,0,9),

[f(2) = > e

Thus
|f(z) —

lim ——— = o,
z—a |2; —a|

and so f(z) — ¢/z — a has a pole of some order m at z = a. Hence

lim |z — a|™|f(z) — c| = 0.

zZ—a

Hence since
|z —a|™[f(2)| < |z —al™[f(2) — | + |z — a|™[c],

we see that
Tim [z — a)" || (=)| = 0.

Hence by an earlier result (derivation of the singular part for poles), f has a pole
of order less than m or a removeable singularity at z = a. This is impossible as
we had assumed that f had an essential singularity at z = a. [ |

One can actually prove a stronger result. The proof of which is readily
accessible in Conway.

14.3 Great Picard Theorem. Suppose an analytic function f has an essential
singularity at z = a. Then in every neighborhood of a, f assumes each complex
number with at most one possible exception infinitely many times.

15 Residues

15.1 Definition. Let f have an isolated singularity at z = a and let

oo

[ =Y anz—a)

n—=—oo

be its Laurent series expansion. The residue of f at a is the coefficient a_;.
Write Res (f;a) = a_1.

15.2 The Residue Theorem. Let f be analytic on U C C open except for
isolated singularities at points ay,...,an. If I' is a cycle in U which does not
pass through any of the points ay and T’ = 0 in U, then

1
21

[5G az = Y nl ) Res ().

k=1
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Proof. Let U' = U\{ay,...,an} and let my, = n(T', ay,) for each k. Now choose
positive radii r; such that the closed disks D(ay,ry) are pairwise disjoint and
contained in U’.

Now let TV be the cycle in U’ given by
F/ =1 - kaC(ak,rk).
k=1

Then T' = 0 in U’ and f is analytic in U’ as we have removed all singularities.
Hence by Cauchy, 11.6,

f(z)dz=0;
o
ie. .
/f(z) dz:ka / f(z)d=.
' FEL Canm

By our choice of the s, for each k we can find Ry > ry such that f is analytic
on A(a,0,Ry) (by the compactness of D(ay,rx)). For a fixed k, suppose the
Laurent series expansion on f on A(ag,0, Rx) is given by

oo

Z ank(z —ap)™.

n=—oo

This series converges uniformly and absolutely on proper subannuli by the the-
orem about Laurent series development and so by the theorem of line integrals
of uniformly convergent sequences of functions, 5.14,

/ f(z)dz = i Ak / (z —a)" dz.
)

C(ak,Tk n=Toe Clak,rk)

_J0, n# -1
/ J() dz = {27ri, n=-—1,

C(ak,rk)

Since

and the result follows. [ ]

Calculating Residues
Suppose f has a pole of order m > 1 at z = a. Then we have

f(z):l)_7m+...+ b

(z—a)™ z—a

+bo+bi(z—a)+ -

on some annulus centered about a, where b_,, £ 0. Also

9(z) = (z—a)"f(2)
= bbb pi(z—a)+ - F+b 1(z—a)" P+ by(z—a)" +---
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is analytic on a disk about a. Hence by Taylor

1 dm+1

bor = Gy gt~ O Gl

15.3 Proposition. If f has a pole of order m at z = a, then

1 dmt

gz =@ F(@la=a.

Res(f;a):m

A Neat Trick: Suppose f(z) = g(z)/h(z) where g and h are analytic on a disk
about a. Suppose also that ¢'(a) # 0 and h has a simple zero at z = a. Let
g(z) = ao+tai(z—a)+--- ap # 0
h(z) = bi(z—a)+ba(z—a)?+-- b1 # 0.

Then f has a simple pose at z = a and by 15.3,

Res(fia) = lim(:—a)(2) = (=~ )5

2

mao(z—a)—i—al(z—a) +---

z—>ab1(2*a)+bg(2’7&)2+"'
. ata(z—a)+---

= lim

z—a by +ba(z —a)+---

ap

by

by continuity of power series. But this is just g(a)/h’'(a) by Taylor. Hence we
have:

15.4 Proposition. Let f(z) = g(z)/h(z) where g and h are analytic on some
neighborhood of some point a. If g(a) # 0 and h has a simple zero at z = a,
then f has a simple pole at a and

Res (f;a) =

16 Using the Residue Theorem to do
Integrals - Contour Integration

/Z R(zx) dx

where R(z) = P(z)/Q(x) is a rational function. Usually P, Q € R[z|. Standard
estimates show that this improper integral will converge if and only if

1. Q(z) #0on R.

1. Integrals of the form
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2. deg@ > deg P + 2.

So we will assume from now on that these conditions are satisfied.

Let Cr be the contour consisting of this line segment which runs from —R
to R on the real axis and traverses the upper half of the circle C'(0, R) from R
to —R.

-R

By the Residue theorem, if R is sufficiently large,

/CR R(z)dz = 27rizk:Res <g, zk)

where z;, are the zeros of @ lying in the upper half plane H. [Note: It is very
easy to see (using homotopy) that n(Cr,a) = 1 for all points lying inside the
semicircle.]

Thus if we let I'g denote the curved part of Cg, then

/1; R(z) dz + /FR R(z)dz = Zmzk:Res (g;%) _

However, since deg @ > 2 + deg P, it follows from M L-formula that

for some constant A. Hence

lim R(z)dz =0.

R—o00 Tk

And letting R — oo,

— 00

/OO R(z)dz = QWiZk:Res <g;zk> .
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Example. The function 1/(1+ 2*) has simple poles at e'™/4, 37/4 %7/ and
e7™/4 Of these, only €™/, ¢37/4 ¢ H. Using our trick for simple poles,

1 : 1 1
L im/4 - . —
Res<1+z4’e ) I8 =enl = G
B 1
44/2(—1 414)
1 .
= 510
4- 52
1
= ——(1+14).

5

Similarly,

1 . 1
Res ;63”/4):1—2'.
(1+z4 4\/5( )

Hence, since deg () = deg P 4+ 4 and has no singularities on R,

2mi(—2i)

a2 Ve

2. Integrals of the form

/ R(x)cosz dx or / R(z)sinz dz

where R(z) = P(z)/Q(x) and P,(Q are polynomials. Hence the improper inte-
grals converge if

1. @ #0on R.
2. deg@ > deg P + 1.

However, we cannot use the same contour as before and do

lim R(z)coszdz
R—o0 Cr

(or similarly with sinz). Instead we do

lim R(z)e* dz
R—o00 CR

and then

o

R(z)cosz dx and / R(z)sinz dzx

— 00
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are just the real and imaginary parts of this limit (provided P, Q € R[z]) as long
as the integral along ' — 0 as R — oo.

To show that

R(2)e* dz — 0 as R — oo,
T'r

let h > 0 and split I'g into two subsets:

A={z€Tlr:Imz > h} and B={ze€Tp:Imz<h}.

For now, we leave h arbitrary, but we will make a choice later.

Rez

Now |e*| = e"*®#, and for |z| large,

deg @ > deg P + 1 implies |R(z)| < 7
z

for some K > 0. Then

/R(z)eizdz < /|R(z)eiz||dz|
A A
- / R(2)| || |dz]
A
= [ IRG)e ™
A
< [ IrEle "
A
K
< /—e‘h\dzl
A‘Z|
< WR-Ee_h
]
= clefh
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for some constant ¢;. Similarly,

/R(z)eizdz < /|R(z)|eilmz|dz|
B B
< [IRE)I1
B
K
< /—Idzl
ERE
K
= —.¢B
7 (B)
K
< —=.2-2h
R

(since each piece of B is nearly a line segment of length h)

_ Kb _ ok
R R
for some constant cg.
So
iz —h h’
R(z)e* dz| < cre™" + ca—.
T'r R
Now choose h = VR so that
R(z)e** dz| < cre VR 2
/FR VR
And so as R — oo,
R(2)e* dz| — 0.
'r

Hence

/ R(z)e™ da = 2mi Z Res (R(2)e'; 21,
oo p

where zj, are the residues of R(z)e’* in H. Now take real imaginary parts to get

what you want:

/ R(x) cosz dx or / R(z)sinz dz.

o .
sinx
/ dx
oo T

o0 L1 oo _ix
sin e
/ dx = Im/ — dx
oo T oo T
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Example. Consider

We cannot simply say
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because z = 0 at 0 € R and e%*/z has a pole at 0. Very clever trick:

oo 2 o] T 1
/ ST gz = Im/ € dzx.
e T oo T

iz _ ] R iz q iz _ 1
/ ¢ dz:/ ¢ dx—|—/ ¢ dz=0
Cr 7 -rR 7 rrg ~*

by Cauchy as (e** —1)/z has no poles anywhere, it has removeable singularities

Now

at z = 0. Thus
B )
w_ ] 1 — e
/ ¢ dx = / € dz
R X Tr z
d 1z
[
I'r # I'r
— @i as R — oo.
Hence o
iz _ ]
/ ¢ dz = e,
oo T
and so

o .
sinx .
/ dx =Immi = .
T

— 00

[Note that we didn’t need residues at all to do this integrall]

Summing Series

Suppose we want to sum a series of the form

> fn).

n=-—oo

We need a function g such that
Res (g;n) = f(n) for n € Z.

In view of our trick for calculating residues at simple poles, such a function is
given by
_ TCOSTZ
wlz) = sinmz
Since if n is not a pole of f, setting g(z) = ¢(2) f(2),
Res (f(z)mcotmz;n) = f(n)M = f(n).

TCOSTTZ

Now apply the Residue theorem to

(z2)mcotmz dz
Cn

72
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where Cy is a contour that contains (only) the integers {—N,...,0,...,N}.

Let
1 177
(]

N+1/2

~N—1/2 N+1/2

—N—-1/2
/ >

This contour avoids the poles of cotmz which are precisely Z. In fact,
|cotmz| < 2 on Cx. Then

e fe i

|COt7TZ| N COST&'Z‘ - 2
sinz eri e TTF *26[“'2
i(eQiﬂ'z + 1) e?ﬂ'iz + 1 ’
e2miz _ | e2miz _ |

627ri(N—i—1/2-‘,—iy) +1
e2mi(N+1/2+iy) _ |

627riN+‘n'i+27'ry 4 1
- 627TiN+7Ti+27Ty -1

i —27
eﬂ'l Yy +1 .
= |——| ase™N =1
67”—271'y _ 1
21y
—e*™ +1 :
= _— as eﬂ—l = —1
—e2my — 1

< 1

Similarly, we ahve that |cotmz| < 1if Rez = -N—-1/2and —N—-1/2 <Imz <
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N+1/2. IfImz=y=N+1/2and —N —1/2 < 2 < N 4+1/2, then

eQTK‘i +1
|C0t 7TZ| = 2‘
esm™ — 1
e2mi(z+i(N+1/2)) 4
T | ezmi(eti(N+1/2)) _ 1‘

€ (
- e2miz—m(2N+1) _ 1

2miz—m(2N+1) +1 ‘

1 4 e—m(2N+1)

e—m(N+1) _ 1

1 4 e—m(2N+1)

1+e™

l—e ™

Similarly, |cotmz| < 2forImz =y =—-N—-1/2and —-N—-1/2 < Rez < N+1/2.
Hence |cot mz| < 2 on Cy and so

<2

N

(z)mcotmzdz| < (8N +4)-2 -7 max |f(z)]
Cn 2eCn

< A max l2f(2)| (9)

for some constant A since |z| is comparable to N on Cy. By the Residue
theorem,

N
f(z)mcot mz dz = 2mi Z f(n)+ Z Res (f(z)m cot mz; z1)
n=—N k

n#zy

Cn

where zj, are the poles of f inside Cy. Assume that we have |f(z)| < B for |z|
large for some constant B. This guarantees that > f(n) converges except for
the possibility of the poles in Z, and also that

0 N .
max [2(z)] — 0 as N = o0

So then by (?7?),

(z)mcotmzdz| — 0
Cn

as N — oo. So letting N — oo, we have

N
Z fln) = —ZRes(f(z)ﬂcot Tz 2k)
n=—N k

n#zy

where zj, are the poles of f.
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oo

1
Example. Consider E — . Then
n
n=1
1 1 1
dET5 2
n=1 n=-—o00o
n#0

So let f(z) = 1/2% and

0o
1 1 mcotmz

n=1

cot z has Laurent series expansion

¢ 1 =z 1, +
e - _Z_
T3 T
on A(0,0,7). So
meotmz 1 21 xtz
22 23 3z 45
on A(0,0,7). So
weotmz —73
Res( 2 ;0) =3
Hence
==
—n 6
For free, we also get that
==
—n 90

3. Integrals of the form

2T
/ R(cosf,sind) dd
0

where R is a rational function. Natural substitution with z = %, dz = ie®,

and

a0 = —i .
z
We get
1 1 1\ | dz
— RIZ St I (VR I
FRIHGHEICHIE
c(0,1)
as ) . .
cos@:eZ tem _zts




SPRING 2007 MTH 562 - COMPLEX ANALYSIS

and

" 6i0 _ e—i@ 1 1
sinf=——=—1z—-].
2% A

Now all we need to do is find residues of this new rational function at each of
its poles inside D.

Example. Consider

/ Lfora>1,
o a-+cosf

/” 0 1/2” de
o at+cos®  2), a+cosf

) / dz
= —
2z(a + %(z + %))
c(0,1)

and

dz

- / 22 4+2az+1"
C(0,1)

Then 22 +2az+1=(z—a)(z—f) fora = —a++va2 —Tand 8 = —a—+Va% -1
where v/ is the ordinary square root function on R. Clearly a3 = 1 and
|a] < |6]. Hence |a| < 1 and |3] > 1. Residue at z = a is

. (z —a) . 1 1 1
im —————— =1 = = )
z—az224+2az+1 z2o0z—0 a—0  2/aZ2 -1

Hence by the Residue theorem

/7T dé i - —i 1 0
— = 2mi - —i - =
o a-+cosf a2 -1 Va2 -1

17 The Argument Principle
and Rouché’s Theorem

Suppose f is analytic in U C C open, a € U is such that f has a zero of order m
at a. Then f(z) = (z — a)™g(z) where g is analytic on U and g(a) # 0. Hence

fe)  mo g
f2) z—a g(2)

for z € U, z # a, and g(z) # 0. Now suppose f is analytic on U except at z = a,
where is has a pole of order m. Then
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where h is analytic on U with h(a) # 0. Then
f'iz) _ —m  W(2)

f(z) _zfa—i_ h(z)
for z € U, z # a, h(z) # 0.

17.1 The Argument Principle. Let f be meromorphic on a domain 2 C C

with poles p1,...,pm and zeros zi,...,z, counted according to multiplicity. If
'~ 0 in U and doesn’t pass through any zeros or poles of f, then
f/(z) n m
_ dz = T z)— I',pi).
ol 5= TS

Proof. By repeated applications of the earlier arguments,

fl) -~ 1 = 1 9'(2)

i=1 =1

where g is analytic on 2 and has no zeros or poles. Now integrate both sides of
(??) over I and use the fact that

gz .
/p a(z) =0

by Cauchy’s theorem as ¢’ /g is analytic on U. [

Remark: Can think of f’/f as the derivative of log f if such a branch exists.
However, if log f does not exist, then

/
/ ) 4, 0
r f(2)
because it is a primitive of f'/f.
A straightforward generalization.

17.2 Corollary. Let f, U, I" be as in 17.1. Let g be another function analytic
on U. Then

1 f'(2) ~ N

2mi Jr?

Proof.
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by Cauchy’s integral formula. Also

W)
/Fg(z) 5 dz=0

by Cauchy’s Theorem again as g(z)h'(z)/h(z) is analytic on U. n

Suppose R > 0 and f is one-to-one and analytic on a open set containing
D(a,R). Let Q = f(D(a, R)). If |z0—a| < Rand {p = f(20) € Q, then f(z0)—C(o
has one and only one zero in D(a, R). If we then choose ¢g(z) = z on D(a, R),
then

1 / 2f'(z)
— ——~2—dz = zgn(C(a, R), z9) = 2p.
wi | Te-G (Cle 1), z0)
C(a,R)
We have shown:
17.3 Theorem. Let f be analytic and one-to-one on an open set containing

the closed disk D(a, R). If Q is the domain f(D(a, R)), then f~(w) is defined
for each w € Q by the formula

I 2f(2)
f 1(W)—% / f(z)—wdz'
C(a,R)

Note that we can relax the hypotheses slightly. Instead we can require just
that f is analytic and one-to-one on D(a, R) [really what we are saying is that
f and f’ extend continuously to D(a, R)].

17.4 Rouché’s Theorem. Suppose f and g are mermorphic on an open neigh-
borhood of D(a, R) with no zeros or poles on C(a,R). If Z¢, Z, and Py, Py de-
note the number of zeros and poles, respectively, of f and g, respectively, and
if

|+ gl <|fl+1g] on C(a, R),
then

Zy—Pr=124— P,

Proof. From the hypothesis,

‘f+1‘<‘f‘+1 (11)

g g

on C(a,R). If A(z) = f(2)/9(2) and X\ > 0, then (??) would imply that
A+1<A+1

which is impossible. Hence f/g maps C(a, R) into Q := C\ [0, c0) [then f/g # 0
on C(a,R)]. If ¢ is a branch of logz on Q, then ¢(f/g) is well-defined on an
open neighborhood of C(a, R) and is a primitive for

(f/9)
(fl9)
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[0,00)

C(a,R)

Figure 1: Construction of required neighborhood on C(a, R) on which f/g is
analytic and avoids [0, 00) by a simple compactness argument

Thus

L Ul
0= o / /g

C(a,R)
L[ (e,
= (f(z) ) ¢
C(a,R)
= (Zf_Pf)_(Zg_Pg)-
Hence Z; — Py = Z, — P,.

|
Riemann Mapping Theorem. Let Q be a simply-connected domain and let
zo € Q). Then there exists a unique biholomorphic map of Q onto D satisfying

f(z0)=0 and  f'(z0) > 0.

% @
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