MTH 362-02: Fall 2004
Final Review

1. What is the polar form for 4 — 7

4 .
r=1/42 4+ (—1)2 = V17 and Argz = arctan (_—1) ~s —1.32582 radians

hence
1 — i = VT7(cos(—1.32582) + 7sin(—1.32582))

2. What is the standard form of the complex number —13.5{cos(%) + isin())?

~135 (cos(g-} ”Sin(%)) _ _22_7 (1 \/5) _ 2 21v3,

s i | T T T,

3. Given the following matrices
4 ~12
Bo| 1 -3 A:[ug _ﬂ
-3 9

(a) Multiply matrices A and B, to get AB. Product does not exist, # of columns of B = 2 s
not equal to the # rows of A = 3.
(b) Does BA exist? Justify your answer.

86 24
BA= 14 6
—42 —18

(c) Are the columns of matrix A linearly indenpendent? Justify your answer.
Yes, rank A =2 =2

4. Compute the determinant of

A=

o= =
oo o
[k B )

+(2)-|é g}:—zls

1 0 2
D=1 25 3(1)-|§ gl—(O)-Hg
68 0

5. Find the rank of the augmented matrix and discuss all solutions of the system:

1 + @2 + xyg — xg = 1
1 -+ 29 — Zx3 + Ty = 1
z1 + 3y — 3xz — my = 1
1 + 4dxg -~ dxs — x4 = 1

The augmented matrix A of the system in row echelon form is

11 1 -1 ] 1
=~ 01 -3 210
A=19 0 2 -4 | 0

00 0 8]0




Now Rank A = Rank A = 4 = 4, hence the system has a unique solution. Using back Substitution,
the solution is given by

T 1
xe = 0
xg = 0
zg = 0

2
6. (a) Sketch the probability function f(x) = g—o(:c =1,2,3,4) and the distribution function
left, probability function; right, distribution function

1~ 1~
[ 118 e
0E- cEl-
=

cal caAl
ozl ezl

G i ] [:3

[+ 1 F3 E} 4 3 [ 1 z 3 [ [

(b) Find the mean and the variance of the random variable X for the probability function in (a).
1 4 9 16

1 4 9 16
_ 10
T 3
= 333
B 10, 1 10, 4 0., 9 10., 16
o= (=3 55+@-5) 5+ B-3) g +U-3) 5

49 16 9 64

270 270 ' 270 ' 270
138
= — =0.001
770 0.001893
7. About 6% of the bolts produced by a certain machine are defective. Find the probabilities that in
a sample of 100 bolts, the following numbers are defective.

(a) 3 or fewer. Solve first by using the binomial distribution model and then by using the Poisson
distribution.
Let X be the random variable that an item is defective. The probability distribution is a
binomial distribution:

Fz) = ( 100 ) (0.06)7(0.94) 1002

T




The probability of getting 3 or fewer defectives is

P(X<3) = ( 180 ) (0.06)°(0.94)1% + ( 1?0 ) (0.06)*(0.96)*

+ ( 130 ) (0.06)2(0.96)% + + ( Igo ) (0.06)°(0.96)

= 0.0020 + 0.0132 + 0.0410 + 0.0809 = 0.137L.
This can be approximated by a poisson distribution with ¢ = np = (100)(0.06) = 6:

60 o 6! 4 62 6% _g

_ il R B T
Pz <3) = ae -{—113 +2!e +3!6

= e ®(1+6+18+36)~0.15

{(b) exactly 11

P(X = 11) = ( 11010 ) (0.06)11(0.94)% ~ 0.0209

8. The amount of time between taking a pain reliever and getting relief is normally distributed with
2 mean of 23 minutes and a standard deviation of 4 minutes. Find the probability that the time
between taking the medication and getting relief is as follows.

(a) at least 30 minutes
P(XEBO)wl—P(XSZ%O)zl—(I)(
about 4%.

{b) at most 20 minutes

-2
P(X < 20) :@(204 3

9. Let X be normal with mean 10 and standard deviation 2. Determine ¢ such that

30 — 23

) =1 - ®(1.74) = 1 — 0.9599 = 0.0401,

) = B(—0.75) = 1 — B(0.75)) = 1 — 0.7734 = 2266, about 23%.

(a) P(X < ¢)=95%

& (6_210) = 95%

c— 10
2

1.645
¢ = 13.29

(b) P(X <c)=5%

@(0—210) - 5%

¢— 10

= —1.645
c = 671

(c) P(X <c)=995%

@(6_210) —~ 99.5%

c— 10

= 2.576
¢ = 15.152




10. Solve the separable equation and the initial value problem

(a) o +3z%y =0

dy 2
== -3
dr vy
&y = —3z2dx
Yy
&y = —3z% dx
Y
Iny -3+ C
y = Ae~®/3
x|l 2 1
(6) e =2z + 1% 9O =
dy 2
= = 2 1
e (z+ 1)y
2
d_;;; - = :_ 2dm = (2ze ™ +2e7%) dx
Y e
dy —z | 5,3
Z (2ze™ +2¢77) dx
1
—y ! = et —4deTF4+C = = (—2z — 4+ Ce®)
6$
y =
2z + 4 + Ce®
Using the initial condition to solve for C
1 ed
N==~ = —————
y(0) 6 2:04+4-+Ce
T 1
6  C+4
6 C+4
cC = 2
eﬂ';
Y At 2er

11. Solve the following linear differential equations and the Bernoulli equation.

(a} v + 2zy =42

f2$d;c — 22

Integrating factor e e* . Hence

%(yeIQ) = dze®

/ % (ye"ﬂ) = / dze™ dz
yemﬁ/ 2 = 27 +C
y = 2+C e*




(b) =y =y" +y
Using the sustitution ¥y_ u, we have y = uzx hence ¢ = u + zu/. Substituting into the
x
ODE, we have

zlu+zu) = (uz)’+uz
ou+zu = ule? fuz
'U,f _ u?
du 2
de v
This is a separable equation.
du
;;2— = dzx
/ udu = ]dw
—ut = z+C
1
-= = z+C
U
X - 40
Y
_ =z
Y z+C
(¢} ¥ + 3y =sinz, y(g-) =03
Integrating factor ef 3 — 632 Hence
d
o (yegz) = &*sing
/E% (ye&") = fes"” sinz dz
3z 63$ .
ye’® = wﬁ]—(351n$—cosm)+0
1
y = E(Bsinm —cosz) + Ce™>®

Using the initial condition 1o solve for C
y(z) =03 = 0.1(3Sin£—-c05 ...T.r,) _|_Ceﬂ’/2
03 - 0.3 + Ceﬂ-/z
C = 0
soy = L (3sinx — cosx)
Y= 10 COST).

(d) ¥ +ay=ay™
This is a Bernoulli equation with & = —1. Let u = [y(z)]* (Y = [y(z)]* and the equation
becomes

w(l—(-1)zu = (1-{(-1)z
w+2zu = 2z




e

This is a first-order linear ODE. Integrating factor is ef 2wz — o

i(uemz) = e

dx
f&% (uexz) = /23’:6332 dz

we® = & +C
y = 1-+ Ce®’
v o= 1+ Cce’

1
12. Show that y1(t) = V7 and yp{t) = 7 are solutions of the differential equation

9%y + 3ty —y = 0.

Show that the y1(t) and y2(t) are a linearly independent set of solutions for the ODE.

yi(t) = 2712 yh(h) :
yl(ty = —Le32 ity =3

Substituting y1 and its derivatives into the ODE, we have

1 1
27 (=t 2+ 313(%;5-1/2) — =i+ g\/% )

Substituting y2 and its derivatives into the ODE, we have

2 1 1 4 3 1
2
—_ o) — — = — — — — — = {J,
2t (t3)_+3( t2) T T T 0

To determine if the solutions are linearly independent, we solve for the Wronskian

Vi1 -2Vi-vE -3vE 3

Jio1
Wiy1, y2] = \ 1-1/2 P
2 2

= =——0= #0.
2 2t 12 12 3/2 7

So the solutions are linearly independent.

13. Solve the following second order homogeneous equations

(a) ¥/ +4y - 21y=20
The characteristic equation is A2 + 4\ — 21 = 0 using the quadratic formula its solution is
given by A; = —7 and Ay = 3 (case I} so the general solution is given by

y = Cre7 @ 4 Coe™

(b) 3" — 2y +2y = 0 The characteristic equation is A2 —2)\ -2 = 0 using the quadratic formula
its solution is given by A = 1 =4 (case Ill) so the general solution is given by

y = e“(Acosz + Bsinz)

y'+2 +y=0
© { 4(0) = 3,4/(0) = -3




The characteristic equation Is A% +2X + 1 = 0 using the quadratic formula its solution is
given by A = —1 (case |l) so the general solution is given by

y = (C1 + Caz)e™
To solve for the constants we use the two given conditions:
y(0) =3 = (C1+C2-0)" =0

¢y = 3

Now 3y = Che™™ — (3 + Chz)e™ . so
Y(O0)=-3 = Cp-&® —(3+C2-0)e°
Cy—-3 = -3

Ca = 0

So the solution is ¥y = 3¢™*.
14. (a) The initial value problem is
10y + 7y +100y =0 »(0)=05,4(0)=1
(b) The solution to the IVP is
y(t) = ™05 (0.5 cos(3.1428¢) + 0.3739 5in(3.1428¢))

limy_ee #(t) = 0; this limit is to be expected since damping dissipates energy causing the
motion to decrease.
15. Find the general solution of the following equations using variation of parameters:
6—23:
(a) " +4y +4y = poc
Solving the homogeneous equation " + 4y’ + 4y = 0, the linearly independent solutions are
= e 2%, yy = ze "2 so Wy, y2) = e~ *® Then

or e e 2 1 1 _
wr_eee® 1 (1o
W .1‘36_433 2:2 $2

e~ 22 1 1 1

W zle—dw x3 3 22

Thus ) N
e~ geTI g

yp(m)=—y1-u+y2-v: x + 272 - 2z

and the general solution is

_ 1
y(z) =e b [cl — o2 + "2?5}

T
(b) y" +y=tanz, 0<z< )

The functions y; = cosx and g2 = sinz are two linearly independent solutions of the
homogeneous equation ¥’ + y = 0 with

Wy1,y2) = (cosz)cosz — (—sinz) sinz =1




Yar . . .
22 —tanzsinz = wu= [ tanzsinz = In(secx + tanz) —sinz

17
y—:tanmcosa: = w:ftanxcosmz—cosm

Thus a particular is
yp(z) = — cosxIn(secx + tan )

and the general solution is

y(z) = c1cosxw + cgsinz — cosz In(secx + tanz).

16. Find a particular solution of the following equation using the method of undetermined coefficients:

(a)

(b)

y” + yl _'_ y — 332

First we solve for the solutions to the homogeneous equations ¥’ +y'+y = 0. Its characteristic
. L 1 3,

equation is A2 + A+ 1 = 0 whose solutions is given by A = -3 + %z S0

3
YUn = e_%m(C& cos %x + Casin —QE.T)

Since r{z) = 22 does not appear in yu(x), we try a particular solution of the form v, =
kox? + ki1z + ko. Differentiating twice we have

y;, = 2ksx+Fk
Yy = 2ks

Substituting into the ODE and rearranging terms we get

2k + 2kox 4+ k1 + kg.’ﬂ2 +kiz+ko= szcz 4 (2k2 + k1)$ + (Zkg + k1 + k’g) = z?

Comparing coefficients, we get
ke = 1
2ka+k1 = 0
2o+ k1+ky = 0

The solution to the system is
ko =1,k1 = ~2,kp=0

So a particular solution is y,(z) = z° — 2z

3y" + 10y + 3y =9z + bcosz
First we solve for the solutions to the homogeneous equations 33" + 10y’ + 3y = 0. Its

characteristic equation is 32 + 10\ + 3 = 0 whose solutions is given by A; = -3 and

Az = =3 hence )
yh. — e*gifi + 6—31’.‘

Since r(z) does not appear in yy(z), we try a particular solution of the form y, = k1x +
ko -+ My cos = + My sinz. Differentiating twice we have

Yo = ki - Misinz+ Mpcosz
yg = —Mjicosxz— Mssinz




T

Substituting into the ODE and rearranging terms we get

3k1z -+ (10k) + 3ko) + 10Macosx — 10My sinx = 9z + Scosx

Comparing coefficients, we get

1
My = 2
My = 0
ko= 3

10
kg = ——

9

L 1
So a particular solution is yp{x) = 3z — ?0 + —;-sinm




