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SEC. 3.3.1 Nonhom

ogeneous Linear ODEs

Variation of Parameters. Nonhomogeneous Euler—Cauchy Equation

Solve the nonhomogeneous Buler—Caunchy equation
x3ym - 3x2y" +-6xy' -~ oy = xtlnx (x> 0).
Solution. Sfép 1. General solution of the homogeneons ODE. Substitution of y = x™ and the derivatives
into the homogeneous ODE and deletion of the factor x™ gives
mim— Dim—2) — 3mlm — 1) + 6m — 6 =0,

The roots are 1, 2, 3 and give as a basis

_ _ .2 _ .3
1= & Yz =X, Yz = X

Hence the corresponding general solution of the homogeneous ODE is
¥p T €1x + szz + 03x3.

Step 2. Determinants needed in (7). These are

Wi=|0 2 3=

1 2 6x

Wa=|1 2x 0f =%
2

Step 3. Integration. In (7) we also need the right side r(x) of our ODE in standard form, obtained by division
of the given equation by the coefficient x* of ¥, thus; r(x) = (x* Inx)/x® = x In x. In (7) we have the simple
quotients Wy/W = x/2, Wo/W = —1, Wa/W = 1/(2x). Hence (7) becomes

_ ad 2 a [l
Yp =X Ex]nxcb:—-x. xlnxde + x -.Exlnxdx

xsl x_s 21_2] xz +L3 1
3 ox ) X 3 nx ) 2 (xInx — x).

(AR

Simplification gives y, = —éx4 (Inx m%). Hence the answer is

' } y:yh_erp:clx+c2).cz+63x3+éx4(lnx—%)_

Figure 74 shows y,. Can you explain the shape of this curve? Its behavior near x = 0? The occurrence of
a minimum? Tts rapid increase? Why would the method of undetermined coefficients not have given the

solution?




