Due: 11:55pm Fri. Mar. 20 NAME(S):

Math 215 Project 2 (25 pts) : Undirected Graphs

First let us define what we mean by a graph. A graph is a set of points (called vertices,
or nodes) and a set of lines called edges connecting some pairs of vertices. Two vertices
connected by an edge are said to be adjacent. A directed graph has edges that have
direction associated with them and an undirected graph all of the edges are bidirectional
(can be traversed in either direction). Example of directed graph is the world wide web, where
vertices represent webpages, and edges represent hyperlinks (for example MTH 215 website
links to Octave, but Octave website does not link to MTH 215 page). Another example of
a directed graph is a twitter graph of who follows whom (if you follow Chris Evans, does
not mean he follows you). Example of an undirected graph is a map of DisneyWorld where
edges represent walkways and vertices represent rides (attractions). Another example, would
be actor-movie graph where vertices are the actors and the edges represent movies they are
in together (see Exercise 5 below). This project will focus on undirected graphs only and all
references to graphs below have edges that can be traversed in either direction.

Consider the undirected graph in Figure 1. Notice that a vertex need not be connected to
any other vertex (D), and that a vertex may be connected to itself (F).

Figure 1:

An example of an undirected graph is the route map that most airlines produce. A copy
of the route map for Vanguard Airlines from 1999 is given in Figure 2. Here the vertices are
the cities to which Vanguard used to fly. Two vertices are connected if a direct flight flies
between them. When we are given a graph, some natural questions arise. We may want to
know if two vertices are connected by a sequence of two edges, even if they are not connected
by a single edge. In Figure 1, A and C are connected by a two-edge sequence. In our route
map (Figure 2), Pittsburgh and Kansas City are connected by a two-edge sequence, meaning
that a passenger would have to stop in Chicago while flying between those cities on Vanguard.
We may want to know if it is possible to get from a vertex to another vertex. It is impossible
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Figure 2: 1999 airline route map for Vanguard airlines.

to go from vertex D in Figure 1 to any other vertex, but a passenger on Vanguard can get
from any city in their network to any other given enough flights. But how many flights are
enough? This is another issue of interest: what is the minimum number of steps to get from
one vertex to another? What is the minimum number of steps to get from any vertex on the
graph to any other? While these questions are relatively easy to answer for a small graph, as
the number of vertices and edges grows, it becomes harder to keep track of all the different
ways the vertices are connected. Matrix notation and computation can help us answer these
questions.

The adjacency matrix for an undirected graph with n vertices is an n x n matrix whose
(i,7) entry is 1 if the i*" and 5" vertex are connected, and 0 if they are not. For an undirected
graph, if (4, 7) entry is 1 then the (j,4) is also 1 since the edge is bidirectional. If in Figure 1
we let A be vertex one, B be vertex two, etc., we find that the adjacency matrix for this graph
is,
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where row one and column one of M corresponds to vertex A, row two and column two
corresponds to vertex B, etc. Notice the matrix M is symmetric, that is M = M7, since
(i,7) entries equal (j,7) entries. If the vertices in the Vanguard graph (Figure 2) respectively
correspond to Chicago Midway, Denver, Dallas/Ft. Worth, Minneapolis/St. Paul, Atlanta,
Kansas City, Myrtle Beach, and Pittsburgh, then the adjacency matrix for Vanguard is,

00010101
00000100
00000100

y_|1 0000100
00000110
11111000
00001000

1000000 0|

where row one and column one of V' corresponds to city (vertex) Chicago Midway, row two
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and column two corresponds to city (vertex) Denver, etc. Vanguard graph (Figure 2) shows
that Kansas City is the airlines hub (most connection). This is illustrated in the matrix row 6
and column 6 with many entries of 1. We now use adjacency matrices to address the questions
we raised earlier. Which vertices are connected by a two-edge sequence? How many different
two-edge sequences connect each pair of vertices?

Consider Figure 1. Vertices B and F' are connected by two-edge sequences in 2 different
ways: B to C to F and B to E to F. Let m;; be the (i, j) entry in the adjacency matrix M, and
note that column 2 (associated with vertex B) of matrix M multiplied by row 6 (associated
with vertex F') of M is given by

mi2
mao2
m3a .

me1 Me2 Me3 Me4 Me5 Me6 | _— = M12Me1 + Ma2Me2 + M32Me3 + Ma2Me4 + M52Me5 + Me2M66
ms2

me2

which is the number of two-step sequences between B and F. This calculation works be-
cause in order for a two-step sequence to occur, B and F must both be connected to an
intermediate vertex. Since B connects with C' (mgy = 1) and C' with F' (mg3 = 1), we have
msames = (1)(1) = 1 (C is associated with row 3 and column 3 entries of M); since B connects
with A (myy = 1) but F does not (mg; = 0) we have miame; = (1)(0) = 0 (A is associated
with row 1 and column 1 entries of M).

Observation The number of two-step sequences between vertex ¢ and vertex j in a graph
with adjacency matrix M is the (i, 7) entry in M?. Which can be generalized.

The number of k-step sequences between vertex ¢ and vertex j in a graph with adjacency
matrix M is the (i, j) entry in MP*.

If M is the adjacency matrix for Figure 1, we have

101010 03000 2
03000 2 30505 2
102021 051015
2 3 _
M=1lo00000l ™=|oo0o000 0
102021 051015
02101 3] (22500 5.

Thus there is 1 two-step sequence from C to F', and 5 three step sequences between C and F.
You can verify these, by referring back to Figure 1. In your observations of figures, you might
notice that some two-step and three step sequences may not be meaningful (e.g. A to B to
E to B three-step sequence from A to B). On the Vanguard route (Figure 2), we see that
Minneapolis is reachable in two steps from Chicago Midway, (Chicago Midway to Kansas City
to Minneapolis), but in reality we would not care, since there is a direct flight between the
two cities. A better question to ask of a graph might be, What is the least number of edges
which must be traversed to go from vertex A to vertex B? To answer this question, consider

the matrix
S =M+ M?*+ M+ ...+ M-



The (i,7) entry in this matrix tallies the number of ways to get from vertex i to vertex j
in k steps or less. If such a trip is impossible, this entry will be zero. Thus to find the shortest
number of steps between the vertices, continue to compute Sy as k increases; the first £ for
which the (7, j) entry in Sy is non-zero is the shortest number of steps between 7 and j, Note
that this process is non-constructive; that is, we will know the shortest number of steps but
the method does not show us what those steps are.

Connectedness: Another question; is possible to go from any vertex in a graph to any
other? If a graph has the property that each vertex is connected to every other vertex in some
number of steps, then the graph is connected. How can we tell if a graph is connected? This
should be easy to see from a small graph, but is harder to see from the adjacency matrix of
a large graph. However, there is a calculation we can do. Suppose that the graph contains
n vertices, then the largest number of steps it could take to go from any vertex to any other
vertex is n steps. Why? Thus S,, = M + M? + M? + ...+ M™ can help us. If there are any
zeros in this matrix, it is impossible for some pair of vertices to connect in n steps or less, so
this pair will never connect, and the graph is not connected.

Centrality - Important nodes: The most important vertex (person) in a network is
one that is powerful, influential, or has advantageous position in the network. To define a
vertex (person) important we will use the mathematical idea of centrality for networks/graphs.
Degree Centrality: measures the number of edges attached to a vertex (person). Consider
the route map for Vanguard Airlines and the matrix V. Visually, it can be seen that Kansas
City has the most edges attached (5 edges) and hence the most important city. This can be
shown via matrix-vector product with the matrix V and a vector = of all ones.

00010101 1 3
000O0O0OT1O0TDO 1 1
000O0O0T1O0O0 1 1

Vo 10000100 Ly |2
000O0O0OT1T1FO0 1 2
11111000 1 5 | «— Kansas City
000O0T1O0O0O0 1 1
100 000O0O] [1] | 1]

EXERCISE 1 (2pts):
List all 5 of the three-step sequences between C' and F' in Figure 1.

EXERCISE 2 (4pts):

Using the matrix V' on page 2. For full credit you must use the matriz 'V on page 2.

a.) (2pts) Which Vanguard cities may be reached by a two flight sequence from Chicago Mid-
way?

b.) (2pts) Which may be reached by a three flight sequence?

EXERCISE 3 (2pts):
Which trip(s) in the Vanguard network take the greatest number of connections (i.e. flights)
between cities? For full credit you must use the matrix V on page 2.

EXERCISE 4 (4pts):

(a) (2pts) Is the graph in Figure 1 connected? Explain.

(b) (2pts) Is the Vanguard graph connected? Explain.

Must show work (involves using matrices M and V') for full credit.



EXERCISE 5 (13 pts):
Degrees of Separation from Kevin Bacon..
Use the actors from the figure and table given on the next page.

a.) (3pts) Create the adjacency matrix (cities are replaced with actors) - call the matrix A.
The matrix A will be a 16 x 16 matrix. If the actors were in the same movie together, place a
1 in the matrix entry. Hint: Spreadsheet program (e.g. Excel) can be useful in setting up the
matrix for part a and getting an output that can be used in parts b, ¢, d, and e.

(Do NOT use a spreadsheet program for computations in parts b, ¢, d, and e!)

b.) (2pts) Using your matrix A from part a.), how many degrees of separation is Glenn Close
from Kevin Bacon? Assume same movie is 1 degree of separation, etc. Must show work using
your matrix and must use a computer program like Octave or MatLab.

c.) (2pts) Is the graph in Figure 3 connected? Must show work using your matrix.

d.) (2pts) What is the largest degree of separation (assume same movie is 1 degree of separa-
tion) for the graph in Figure 3 between Kevin Bacon and any other actor? Must show work
using your matrix A .

e.) (2pts) Which actor has the most edges attached? That is, which actor is in the most
movies with other actors? Let x be a vectors of all ones and compute A - x to determine the
degree centrality.

f.) (2pts) Degree Centrality is a simple powerful centrality measure, but there are weaknesses.
This measure assume each neighbor (person) has the same importance in the network (only the
number of connections matters). Also, it is very likely to have vertices with the same degree,
which will not yield a unique ranking of vertices. Give two other examples of centrality for
networks/graphs. For credit, you must provide a website address and a clear explanation of
the centrality. Simply providing a name (such as degree centrality) is not sufficient.



Kevin Bacon
Bill Paxton
Tom Hanks
Donald Sutherland
John Belushi
Meryl Streep
Kate Winslet
Grace Kelly

Glenn Close
Nicole Kidman
John Gielgud
Vernon Dobtcheff
Paul Herbert
Lloyd Bridges
Patrick Allen
Kathleen Quinlan
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Figure  3: Small  performer-movie
http://introcs.cs.princeton.edu/java/45graph/
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