HTH UXE  Howewalk 5 - Sclutious

Real Analysis Homework

5.1 Consider f, on [0,+00) defined as
z+1

2+ nz

fo(z) =

forn=1,2,...
a. Find the pointwise limit f of {f»},—, on [0, 4+00).
b. Does this sequence converge uniformly in [0, +00)?

a. The pointwise limit f of {fn},; is defined as

—%, =0
f(w):{o, 50 o

Indeed, let £ = 0, € > 0. Let N € N be arbitrary. Then whenever n > N, we have
1 1
- == —-== €.
1£al0) = FO)) =5 =5 =0<

Let z > 0. Let N € N be such that

1 €|z
— < .
N |z +1]
{hue ¢
1 < €
INz| ~|z+1]
Then whenever n > N we have
o
z+1 lz+1 _ |z+1] €
[fn(z) = f ()] 2+ nx |nz| — |Nz| <lz+ ||x+1l €

Thus, f, — f.

b. Observe that for n =1,2,..., f, is continuous, but f is discontinuous. Therefore f, # f. /



2. Consider the sequence {f,} -, where

z
14 n2g2’

fn(z)

for € (—o0,+00), and forn=1,2,....

Show that the sequence converges uniformly on (—oo,+00) to f(z) = 0. (Hint: Find
the maximum and minimum values of f, on (—oo, +00).)

Proof. First, note that f, has a maximum and minimum points at

L -1 / (i)
T

r=—and z =
n
Further, notice that
1\ 1 N -1
faol=]==—and fo| — | = —.
2n 2n

It fOHOWS that fOr all T € ( o0, OO),
|f7l(l)i <— fOI‘ n= 1 2
2n T

So choose N € N such that

Then

|fn(z) — f(2)] < |fulx)] + | f(x)] < 5% +0< -2—1]\7 <¢eforalln > N.

Hence, f, =3 f. l/
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3. For each n =1,2,..., define g, on [0,1] as

Show that this sequence converges pointwise in [0, 1] and find its limit function g. Is

the convergence uniform?
—, converges to the limit function

g(x)={0’ z=0 /

The sequence of functions {gn},e

L ze(0,1]

Proof. Let g =0 and let € > 0 be given. Then for any N, € N,
|gn(0) — ¢(0)] = |0 — 0] < € for all n > Np.

Now let z € (0,1]. Choose N € N such that N > 1. Then

! 1|=O<.€f0ralanN.

_

lgn(z) — g(z)| = .

The convergence, however, is not uniform. The reason is because g, are continuous

functions for all n € N, but ¢ is not continuous. /
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