Class Worksheet 1, 4/28/22 - Solutions

For each of the problems below, find a given line integral using a parametric representation of the
path. Check if it is possible to find the integral using the Fundamental Theorem for Line Integrals
(FTLI). If yes, find the integral using FTLI as well and compare your answers.

Example 1:

=1 — =2 377 e
Find F -dr where FF =y’ i +x~ j and Cistheline from (0, 0)to (12, 4).
c

Enter an exact answer.

/F”d?:
C

Solution

Parameterizing Cby x(¢) = 12¢, y(r) = 4tfor0 <t < 1, wehaved 7 = (12 _z) +4 7 )dl,so

/CF d7 =[01((4z)3? +(12t)27)-(127 +47)dr

1
[ (768 + 5761 )dt
0

= (192* + 192)|,

= 384 .

The integral cannot be calculated using FTLI as

oF,

OF'
F = 3y2 7 Ox

Oy

= 2x.

Hence, the vector field does not have a potential function.



Example 2:
. — — o 2_.) 2_.> . .
Find | F -dr where F =x" i +y°j and Cisthelinefrom (3, 4)to (6, 7).
C

Enter an exact answer.

/F-d?:
C

Solution

The line can be parameterized by (3 + 31, 4 + 31),for 0 < ¢ < 1, sotheintegral looks like

[.F d7 = [ ?(3+3z,4+3r)-(3? +37)dr

—

= [MNE+302 7 +@+302 7 |- (37 +37 ar
o
= [)[3(9+ 181+ 922) + 3(16 + 24 + 92| drt

= [, (75 + 1261 + 54¢* )dt
= 75463+ =156.

The vector field F has a potential function f(x,y) = %1‘3 + %y?’. Indeed, F= Vf. By FTLI we
have:

/ F.dr= f(6,7) — f(3,4) = 156.
C



Example 3:

Find the line integral /

(3y2 _z) +x T ) - d 7 where Cistheline segment from (3, 1) to (0, 0).
c

Enter an exact answer.

Solution
We will find the line integral from (0, 0) to (5, 1) and then take the negative. The line segment is parameterized by

x=5 y=tforOLt <1

Thend 7 = (5 _; + 7 )dt,so

1
/(3y2?+x?)—d? =—/(3z2?+5z?)-(5?+7)d¢
C 0

1
= —/ (156> + 5¢) dt
0

5 1
_ 3 2
- (5

0
B 15
= >
The integral cannot be calculated using FTLI as
0Fy oF;
— =6 — =1
oy Y7 "ox

Hence, the vector field does not have a potential function.



Example 4:

Find the line integral /
c

(0, 0)intheregion y > 0.

(x _; +y 7 ) - d 7 where C is the semicircle with center at (2, 0) and going from (4, 0) to

Enter an exact answer.
— —
/(xi +yj)~d?=
c

Solution

The semicircle has radius 2 and is centered at (2, 0). It can be parameterized by

x =72+ 2cost, y = 2sint,for) <t < x.
-/ N v
Then r (t) = —2sint i + 2cost j ,so
- - - " - .= .= -
(xz +yvJ )-dr = ((2+2003t)1 + 2sint )'(—281111‘1 + 2cost j )dt
c 0
¥4
= / ( — 4sint — 4costsint + 4sintcost) dt
0
pis
= —4cos t!O
= —8.

The vector field F' has a potential function flx,y) = %mz + %yz. Indeed, F' = Vf. By FTLI we
have:

/ Fdi= £(0,0) — f(4,0) = —8.
C



