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Bertrand’s ba(/of problem
(1827 B

" Tw an election with

two candidafes the wimer
recewves m votes and the
loser w vohes. [Jhat is

+he proballity that the
winKer s q(u«ys ahead !

“We can represent am
foQﬂSQMQﬂ"’ 94"”‘( ‘AQ/#S
by a path in the plane
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Elegant peoof by D. André
’a 1337, us:’ng the

Ygﬂec‘h‘ou pn‘nc,'ple.

We coan""_pq%s £rom (/,a)"

fo : (m,n) +that never touch
X=)y (go00d pa'lhs).
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Ahio'“ler q”l:‘cq?‘fon: of +he
retlection prnciple -

Count Pa'H\S +hat S'fq/ S+r:‘cﬂ/
be"’uéeu +wo )N!M“e/ /:'nes,
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The reflection Pr:‘ucip/e Coun

be applred muck more 3‘enem///:

We take o set of hyperplanes
¢losed under reflechou, sach that
lattice points are reflected o
lattice points, Then we caw
count paths restricted Yo
regions bounde d by the
hyperplanes. (Groups 3§ner¢fed
by reflections are Weyl groups
or affine wey| groqps.)
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IMowau‘f special case: standerd
'(mn; tableauy (multi-candidate
(-]

bellof problem)
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#9004 paths = N (RQI-N(RQ)-MP, Q)
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The method of images
(J. Peacock,

On “Al Capone and ‘.,
| the Dea'f‘h'k’d}/ ¥
lyy)
Anc’/ojaus to Kelvin's method
of images 1n electrostatics .
B solve 'd.#erenh‘ali

Se ve 49 di fference

< %ua'h‘on with boundary

‘condihons, we take linear

combinations of kKunown
colutions fo sahisfy the
baumdqrr cOmlo‘ tions.




| TAC ballot Pro‘o{em: |
Let B(mn) be +he numbe r
of paths from (lj0) to
(mn), mo>n, that stay below
the diagonal. Theh_. |

B(mn)—RB(m-1,n) = B(m,n=1)

0) I.‘f M n,
= (mn)£(1,0)
1’ f‘ (Mlh)icflo)
" Blm,n)=O i § n¢o or men

Construct a table ©f Blmn)
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Eylend to m<n so that
+he recurvence s sH i
setisfied |
| evevywhere except at (1,0)
and (O)
Ths suggests that
B(Mm\g Clm-1n) = C(mn-1)

and the boundary condition s
casily verified.
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(_.TACV\ C(m,n) Satisfres .H‘e

Same recurrenc. _/ubre

39»3!‘4/’/; let
£ (mmy=z Clm-a,n- b)

- Then

£(mn) - Hm-tyn)= Flm,n-1)
{ o it (mn) 2 (ab)

L 74 (mny=Cab)

We want a linear combination
of the Fmn) Hhat satisfies
the b&m‘a\‘y condition for
B(m.n)
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Unlrke the reflection pn‘uc:‘pk,
+he method o‘M«Ses doesn t

: m%qWC &/mmd‘ry.

lef 77”!)»\_\ be the namber
of paths from (10) fo (w,u)
that sfay below xzz/.
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This suggests that
Timn) = -\, ny-2 C('M,n-l)



Factorization methods
(One- dimensional pa‘l'hs)

Think of a path as a seguence
of steps. We can concatenate
paths awd Factor Thewm, Thss

| gives: -formdlas for therr
genera“‘iux functions,

Drtaw P¢+h$ (ke +his :
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(all a pq"'h POSI“HVQ. FF it sf’ays
S{-n\d-(y above 7he x-a XS

@

- It we remove the last
step from o path in R we
~ qet either an emply path

L ora Pa'Hn'uII_P,_ / E
fa ‘f::- x(1+£3)  We canu
solve this guadmﬁc eguation

to 8
£or Catalan nambers.

.sTIse. same Yeasom‘uj applies
to paths with arbitrary sfeps
as long as we can't 30 up B/
mote Fhan 1,

et the generating function

B

Cimplest case: |
Steps thet g0 up and down

| by I RN

let R( be the set Q"‘ PeSl'?‘fve
paths ending at .‘1:9"1“" k,
Then every path in Ac can

be factored unguely ito k
paths in R,

wtij‘\f each step by and et
fx be +he 3@&@’&"""‘3 'fune.iw'oh
$or PQ'H\S in R with £ =¢

he
Then fK""J'k

®

TH we weight a ste fhet ‘_
gaes down _i. by X 9in
(q'udud,iuﬁv iz0 and i=-1)

$hen -§(X\=x§ g 200
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How can we solve +kc‘s.>
Lagqrange fwversion

T4 $0): x G(HD) then
[x] $00t= K[¢*] 6@



O
Buf we caw Count these paths
directly, qe tting a combinatoral
. Proe{ o'f Lagrquge mvers:au,
using the Cycle Lemma
(Dvore‘!’ak)'-/‘fo‘f‘i»km Raney)

Forany path with steps thet go

down by -I, 9,1,2, ) ending et

he“sk'l' k>0, there are erc-H/
K cyclic shifts thet are
posi tive )OQ'H)S.'

| Ano‘l‘ker factorizgation method
(Wiener- Hopf) that applies o an

arbifravy set otintegqer sfops,
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v‘m* mmr
low est Poinf
point

Pt isa pesitive path.

.Po 'S MMOJQ"'\VQ d‘k Qudm%
at l\enght (o] (zgro path

P~ is areversed pesitive path
(neqative path)

_U
Thus among all paths of lengthn,

ending at height k, and cons/stiug
of o given collection of steps,

a ' properFion -',? are positive,

Example (Catalan nembers )
nyl steps up, n sTeps down.
There are 0"‘"') paths in a//
d— *’)

are pesitive

ah+

fo Jor o Fixed, but arbitrer,
cet of steps, ’

£244 for all /.\.q'“i

-( £ for ueJq'wa PQ'H'S)
(g § for zero pa'H\s)
. (9.4 for posh‘we pq‘“vs}

= £.40 b
Surprising $act: 3(-, o, and §+
are um'%u,e ly -eleferm‘ued by £
(as lony as the g.fs freep
track of endpoints)

l0g £= log §. + log fo +log £
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A Probq bilistic method

APPhés to a wide class of

problems, not necessarily
: i'clmens:onal

Gives a functioual e:sq.g-(wnj

(oat Lifferent from factonzehion),

Qe(ajf‘ec( to the "kerne] method

Cinplest example:
Fir k. Let rm be the nuwber
of paths from (0,0) to
(n,netc) that touch the lne
Y= veke for the Hvﬁf time at
the end. (The baflot ProMQm
q!im\ |

Q@I
So the Proba 6:"1‘*)/ Fha 4
stops_i's

2 M Phg o g prg)

B“‘L o opis smell (<{-)

;‘-'\en it stops with probqb;/n‘/

So %k RCP%)&I
Ripg)= i’? :
REpttp) = Epye

To solve +his, we set pel-p)zx
and solve for p: -
p: -'-z-ﬂ Rny: (- ” ¥ )

Let ROO=T "

Cous:’Jer a perticle thet
s"'tr‘l's ot (0,0\ and moves

right with probability p

and up with prohhl;iy %: )-p.

I&it hits the (“‘( r’\""k,
H" &'I'OPS

The probqbob/y that 1 fips
(n,nele) (and s*op; -H\ere) 'S

Ya D*gqt*k
|

“ A cbuj ectyre

Let P(m) be +he pumber

ot paths of Iensfh 2m in H\e""

plane , s'f'qr'!'n‘ug and ending ot
(0,1, with dm‘* steps north, South,
QdSh aud uesf, and S"hyfn: in
the region y*0 x>-y.
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where (Q)w: atau\ (mm-n\




