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Review of Cartesian Product

We de�ned the cartesian product

�

�

�

of the sets

�

and
�

to be the
set of all ordered pairs

�����

�

	

where � is an element of
�

and � is an
element of

�

.

In set builder notation,
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Cartesian Product as a Table

Suppose

�

and

�

are two sets,
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The elements of the cartesian product can be written in a table:

a b c

1 (1,a) (1,b) (1,c)
2 (2,a) (2,b) (2,c)
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Cartesian Product Example 2

Suppose
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are the sets,
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We construct a table for the cartesian product by making a row
for each element of and a column for each element of :

J
Q
K
A

– p. 4/16



Cartesian Product Example 2

Suppose

�

and

�

are the sets,

�




�
�

�

�

�

�

�

�

�

�




�
�

�

�

�

�

�

�

�

We construct a table for the cartesian product
�

�

�

by making a row
for each element of

�

and a column for each element of

�

:

� � �

�

J
Q
K
A

– p. 4/16



Cartesian Product Example 2

Now �ll in the ordered pairs that are the elements of

�

�

�

with
�

as
the left hand part:

J
Q
K
A
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Cartesian Product Example 2

Continue by �lling in the ordered pairs that are the elements of
�
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Cartesian Product Example 2

Finish by �lling in the ordered pairs that are the elements of
�

�

�

with

�

and

�

as the left hand part:

J
Q
K
A

This table contains all of the elements of .

If and are �nite sets, always contains elements.
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One-to-One Correspondence Revisited

The development of mathematics is an evolutionary process.

Once a valid proof for a mathematical fact has been given and subject
to scrutiny by a large number of people, it is uncommon for the result to
be discovered to be wrong.

However, it is much more common for a de�nition to be revised. This
usually happens because people realize that there is a “better”
de�nition, meaning one that has wider scope or permits greater
generality.

With the concepts of a subset and the cartesian product, we are able
to give a more precise de�nition of a one-to-one correspondence.

New De�nition: A one-to-one correspondence between two sets and
is a subset of with the property that every element of

appears as the �rst element of exactly one ordered pair in , and every
element of appears as the second element of exactly one ordered
pair in .
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One to One Correspondence Example

We can represent a subset of the cartesian product

�

�

�

in tabular
form the same way we represented

�

�

�

itself.
In the case of a subset, there may be some empty cells in the table.

J
Q
K
A

This table represents a subset of .

It also satis�es our new de�nition of a one-to-one correspondence.
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One to One Correspondence Example

Here is a different subset of

�

�

�
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Like the previous example it satis�es our new de�nition of a one-to-one
correspondence.
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One-to-One Correspondence

The tabluar representation gives us an easy way to tell whether a
subset

�
�

�

�

�

�

	

is a one-to-one correspondence.

J
Q
K
A

A table representing a one-to-one correspondence has exactly one
element in each column, and exactly one element in each row.

Applying this test, we see that the above subset of is a
one-to-one correspondence..
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One-to-One Correspondence

Suppose

�

and

�

are the same as the previous examples and

�
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is given by the following table:
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Is

�

a one-to-one correspondence between

�

and

�

?

Answer: No, because the �rst row has two entries, it cannot be a
one-to-one correspondence.
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One-to-One Correspondence
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Cartesian Product Example 2

Suppose instead
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As before, We construct a table for the cartesian product by
making a row for each element of and a column for each element of
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Cartesian Product

As before we can represent
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Is it possible to remove elements of the table in a way that leaves
exactly one element in each row and column?

Answer: No. This illustrates the fact that it's impossible to have a
one-to-one correspondence between two sets unless they are
equivalent (that is, they have the same cardinal number:
).
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