MTH 4522/21/08 Name (Print):

1. Suppose X, ..., X, is a sample from a population with density

0291 for0<zxz <1
flx:0) = { 0 otherwise

If H:is an unbiased estimate of # based on this sample, show that the variance
of 0 is greater than or equal to 6%/n
You may use without proof the two integrals

/1 In(x)z'de = —1/6%, /()1(1r1(m))2389_1 dx = 2/6°.

0

Solution: In f(z;0) =Inf + (§ — 1) Inx so

Oln f(x;0) 1
o6 g

The given integrals show that F(In X) = [} Inz - 02" dz = —1/0 and
E[(InX)? = [y (Inz)? - 027" dx = 2/6?

SO
Oln f(X;0) 0 o1 )
B 00 )]—E[(9+IHX)]
1 1 2 1 1 2 1
so by the Cramer-Rao inequality
- 1
Var(9) > i

2. Suppose X1, X, are i.i.d. with mean p. Show that for any real number «
with 0 <a <1

aX;+ (1 —a)Xy (1)

is an unbiased estimator of u and that for all estimators of this form the one
1

with minimum variance is %Xl + %Xg, ie. when a = 3.

1



Solution: E(aX;+(1—a)Xs) =aE(X))+(1—a)E(Xy) = ap+(1—a)u = p
which shows that (1) is unbiased.
Since X; and X, have the same variance o2, the variance of (1) is

?Var(Xy) + (1 — a)*Var(X,) = o®0® + (1 — a)?c? = (20 — 2o+ 1)0”.

But 2a?—2a+1 is minimized when its derivative is 0, that is, when 4a—2 = 0,
or a=1/2.



