Section 5.4 Properties of Estimators

FACT: The method of maximum likelihood and the method
of moments do not necessarily produce the same answer.

QUESTION:
Is there a “best” estimator 87

FACT: every estimator is a function of several RVs:
6 = h(Y1,Ya,....Ys). As such, it is also a RV, so it has a pdf,
mean, variance, moments, etc.

Notation for the pdf of an estimator:

fs(u) or ps(u)
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ANSWER:

P (|25~ p| <0.10)

=P (0.60-0.10 < % < 0.60+0.10)

=P(5<X<7)

P(X=5)+P(X=6)+P(X=T7)

(19)(0.60)5(0.40)° + (1) (0.60)6(0.40)*
+()(0.60)7(0.40)>

0.666

Q

a7

we have, for p = 0.60, that

wA%luimOpoV

-pP Ao.@o 010 < 2 <060+ o.SV

= P (050 < 35 < 0.70)

) 0.50-0.60 X/100—-0.60 < 0.70-0.60
- (0.60)(0.40) — (0.60)(0.40) —  /(0.60)(0.40)
100 100 100

= P(—2.04 < Z < 2.04) = 0.9586
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Example 5.4.1 A coin for which p = P(heads) is unknown is
to be tossed 10 times to estimate p with the function

p = X/10, where X=# of observed heads. Suppose that

p = 0.60.

a) Compute

x
n A\ | uv mopo
10
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b) Same question as in part (a), only the coin is tossed 100
times.

ANSWER:
Note n =100 is large = may use Z.
Since

E(X/n)=p and Var(X/n)=p(l—p)/n
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FIGURE 5.4.1 FROM TEXTBOOK
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Unbiasedness Example 5.4.2 Consider the uniform pdf

fr(y;0)=1/6, 0<y<¥#

Knowing that the MLE and method of moments estimators

bﬁs
for 6 are, respectively,
L >
True 6 True 0 > =Ymax and 1= " Ye,
FIGURE 5.4.2 =1
are either or both unbiased?
Definition of Unbiased Estimator
Let Wi,...,W, be a random sample from fy(w,8). An
estimator § = h(W4, ..., W,) is unbiased for 0 if E(§) =6 for
all 6.
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ANSWER. The pdf of Y. (Corollary b, page 182) is:
- 2 < 2 < 1 suyn-1
E@) = EG YY) = 3 EM) 5(0) = fo(w)=n-5-(3) . 0<u<o
so
n ~ 0 n u\n—1
2 6 2n6 E(6) = \:..\.A\v du
=) o=.5= 6 Jo 6 \o
n — n
. 6
So 6, is not biased. _ . umtl ",
0" n+1l, n+1
Conclusion: 6 is biased.
COMMENT: Note that 63 := ™1y, is unbiased. We may
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see this from this calculation: Example 5.4.3 Let Wi, W, be a random sample from a
R n+1 probability model with mean u. Let
E(03) = E( P Yinax)
i = aiWi + aaWa
n+1 N .
= - E(Yimax) For what values of aj, a» is 4 unbiased?
n
= n+1 " 9 =0 ANSWER: We want E(f1) = u.
n n+1

We have,

E() E(a1W1 + aaW2)
= mHmC\_\Hv =+ mmmc\,\mV

= aiu+ au

55 56



Example 5.4.4 Let Yi,...,Y, be a random sample from a
normal distribution with unknown p and ¢2. From Ex. 5.2.4
Ap A+ = ata=1 we know the MLE for o2 is

Now this quantity equals u if and only if

So the condition for 4 to be unbiased is that a; + a» = 1. 1 _
52 =—3> (% -Y)
=

Is 42 an unbiased estimator for o7

ANSWER: (Given in class)
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Example 5.4.5 Let Y1 and Y2 be a random sample from the ANSWER:
pdf Sl 1 1
o) = Levio 0 EVYiY2] = \ \ N7z wm\:\m : mmé\m dy dy>
; =—-e 7, > o Jo
v (y:0) 0 y
where 6 is unknown. Show that the geometric mean /Y1 Y» _ \8 \SKNWmQ%. v mm%\mﬁf dys
is a biased estimator for 6, and find an unbiased estimator o Jo 6 o
based on the geometric mean. oo 1 oo 1
B \ VI ze0 dyy \ V2 ze™ 0 dys
Jo 0 Jo 0
— A\,R/\meimn vm\ Amp\mﬁvN\m‘ﬁ.
- , Ve v) = 2 ) " 4
The unbiased estimator is then,
PEEARE
™
59 60
The next slide shows the results of a computer simulation TABLE 5.4.1
c1 (o] a
: mww wmmw

Each one of Columns C1 and C2 has 40 random numbers
taken from the pdf f(Y;1)=e™Y, y > 0.

Column C3 has the 40 corresponding geometric means.

Column C4 has the 40 simulated 0's

aversge § = 1.02

112503 077098 098164
284524 151437 192816
10471 042351 053923
058988 076114 0.96911
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Efficiency Another measure used to decide if certain
estimator is better than another is given in terms of the
variance of the estimators. Smaller variance is better
because the smaller variance estimator would have better
chance to be close to the unknown parameter than the
estimator with larger variance

FIGURE 5.4.3
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Example 5.4.6 Let Yi, Y2 and Y3 be a random sample from
a normal distribution where both i and o are unknown.
Knowing both are unbiased, which is more efficient estim.
for w,

1
4

1

1 1 1 1
1 =-Y1+ =Yoo+ -Yz 0r fip = =Y1+ =Yoo + —Ya
(25 H+mm+hw (2% wH+wm+ww

ANSWER:

Var(f1) = Var(ivi+ 1Y +1vs)

= EVar(vi) + ;Var(Y2) + £Var(ys)
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Example 5.4.7 Let Yi,...,Y, be a random sample from the
uniform distribution over [0, 8]. We know

.2 . n+1
%H = \M«\m_ and 2 = J\Smx
M=

are both unbiased estimators for § (Example 5.4.2). Which
is more efficient?
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We say that 6> is more efficient than 6 if
,\mwﬁ%\,uv < ,\NWA%\,MV
The Relative Efficiency of §; with respect to 65 is

Var(6)

Var(6))

%, )

A
PG -01=n_ |
£, ) A _

/nr\.\\l\\ T me———
||||||| - \\\ - —_—————
6~-r 6 O+r
FIGURE 5.4.3
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Var(f2) = Var(3Yi+ 312+ 1vs)
= $Var(v1) + sVar(Y2) + Var(Ys)
— 1
= MQM

Hence fi» is more efficient than f[is.
The relative efficiency of i, to f; is 9/8.
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ANSWER:

N 2
Var(61) Var(= MU Ye)
:TH

4 n
= =Y Var(v)
n =1

= LY 0P - B
=1

But E(Y)) =& and E(Y?) = [iy? tdy =%, so

oy 4 02 02 4 ne? 97
V)= el T T e 2 T

68



For Var(8,) we need the first and second moments; Recall

pdf of Ymax (p. 182) is:
n/y n—1
R (V) = 5 Amv » 0<y<é

We know E(Ymax) = ;156 and we have

0 n /y\n-1 n
0 = [ 5 (5) dy = e
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Conclusion for Example 5.4.7

We obtained the following variances:

- 62 - 62
Var(61) = an and Var(6,) = Tnt2)

To see which one is smaller, we compare the coefficients of

62 in both. We have,

1 1
> =234,
3n > n(n+2) "

We conclude that 6, is more efficient than 6;
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Then,

Var(6,)

Var(

A

n+1

J\meV

n+1
v -Var(Ymax)

Yinax) = E(Ymax)? |

A H v :+m T (n+1)?
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