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Section 1 (Merino) and section 3 (Dobrushkin) - January 2003

Problems.

1. Given ¥(x,y), find the exact differential equation diy(x,y) = 0.

a) P(z,y) = 2* +y° f) ¢(x,y) = exp(zy?)

b) ¥(x,y) = In(x%y?) g) Y(z,y) = (v +y—2)?

c) ¥(x,y) = tan(922 + y?) h) ¥(x,y) = sinh(a® — y3)
d) ¥(z,y) = z/y? i) ¥(z,y) = sin(z?y)

e) Y(x,y) = x*y + 2y° i) ¥(z,y) = x + 3xy® + 22y.

2. Show that the following differential equations are exact and solve them

(a) 22y’ +2yz =0

D) (y/x+z)de+ (yInz—1)dy=0
(m) e fdr—re?dd=0

n) (coty + z3)dx =z csc? y dy

)
(b) y*dx + 3zy*dy =0
(¢) 2z +eY)dr+ze¥dy =0
(d) ((2zy —32%)dx + (22 +y)dy =0
(e) (cos® —2rcos? @) dr +rsin@(2rcosf —1)df =0
(f) (2r +sin® — cosf) dr + r(sinf + cos0) df = 0
(8) 20(1+ /a2 —y)do = /2% — y dy
(h) (1 —=zy)?de+ [y* +2*(1 —2y) ?]dy =0
(i) 2zydz + (22 + 4y)dy =0
(j) (coszy — sinzy) (ydr + xdy) =0
(k) y (e +y) de+z (e"¥+2y) dy=0
)
)
)
)

() (
(0) (6zy + 2y* —4)dzx + (32% + 4zy — 1) dy = 0.

3. Solve the following exact equations:

a) 2z [3x2 +y— ye’”ﬁ} dx + [x?’ + 3y + e dy =10

b) (L+%)de—(L+3)dy=0

©) ((z—yy)Z T2 117@«2) dr — =5z dy = 0
d) (%—!—y—i—%) dx+(x+y————> dy =0

e) {yz—z%y} dr + [Sxyzfx—;fQ] dy = 0.

f) Ldx+ (y? +Inz)dy =0

g) S0 gy — 224 gy —

h) lny sinhzdz + %dy =0

N\ ydetaxdy
) et =0

D=2 de+(z=2+1)ay=o.

4. Are the following equations exact? Solve the initial value problems

(a) cosmx cos2mydr = 2sinwx sin 2wy dy, y(3/2) =1/2

)

(b) 2zydy = (2* + ) dx, y(2) = 4
(¢) (2zy —4)dz+ (22 +4y — 1)dy =0, y(1) = 2,
(d) sinwydzr 4+ wzcoswydy =0, y(1) = 7/2w

() (y—1de+(z—2)dy=0, y(1)=3

(f) 4z~ lde +dy =0, y(1) =4

(g) o te ¥/ dy — x 2ye ¥/ dx = 0, y(—2) = -2
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)
i)
G) (zy? +x—2y+5)dm+(m Y+ y? —Qx)dy:(), y(1) =2
(k) 2y?sin? xdx — ysin2zdy =0, y(r/2) =1
() 222dx —3y3dy =0, y(1)=0
(m) e¥de — (2v+y)dy =0, y(l)=2
(n) (siny +ycosz)dxr + (sinz + zcosy)dy =0, y(r)=2
(o) (sinzy + zycoszy)dr + a2 cosxydy =0, y(0) =1
(p) (3z%sin2y — 2zy)dx + (223 cos2y — 2?)dy =0, y(1)=0
(a) (zy® +y)dz + (z°y + 2 —3y*)dy =0, y(0)= -1
(r) (y* =3y +4x)dr + (4oy +3y* — 32)dy =0, y(1)=1
5. If the differential equation M dx + N dy = 0 is exact then prove that
[M(z,y) + f(z)] dx + [N(z,y) + g(y)] dy = 0
is also exact for any differentiable functions f(x) and g(y).
6. Show that the linear fractional equation
@ _ar+by+ec
dr Az +By+C
is exact if and only if A+ b= 0.
7. In each of the following equations determine the constant A such that the equation is exact, and solve the
resulting exact equation:
)(2—&-?my)d:v—k()\ﬁ—i—4y—l)dy:O7 e) (2z + \y?)dx — 2zydy = 0,
b) (& + &) do+ 22 dy =0, £) (;?{—f—%)dx—&———f)dy—o
c) (\x? y+2y —1)dx+(a: +dzy +4)dy =0, g) \ry + y?)dz + (22 + y?) dy = 0,
d) (e*siny + 3y) dx 4+ (Ae® siny — 3z) dy = 0, h) (£ 4 6z) do+ (Inz + \)dy = 0.
8. In each of the following equations determine the most general function M (z,y) such that the equation is
exact:
a) M(z,y)dz+ (2zy — 4)dy =0, e) M(z,y)dx + (222 — y?)dy = 0,
b) M(z,y)dz + (22 +y) dy = 0, ) M(z,y)dx + 4y3 — 223y) dy = 0,
¢) M(z,y)dz + (322 + dzy — 6) dy = 0, g) M(z,y)dx + (y* + Inz)dy = 0,
d) M(z,y)dx + /322 —ydy =0, h) M(z,y)dz + 2y sinz dy = 0.
9. In each of the following equations determine the most general function N(z,y) such that the equation is

exact:
(2zy + 1)dx + N(z,y) dy = 0,
(e¥ +z)dx + N(x,y)dy =0,
(2 + y? cos 2z) dx + N(z,y) dy = 0,
ze Ydr+ N(z,y)dy =0,

(
(322

2xy

(3z + 2y) dz + N(z,y) dy = 0,
2032 + 1) 2= 2dx + N(z,y) dy = 0,

+2y)dx + N(z,y)dy =0,

73+N($,y)dy:(),



