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$EC. 2.7 Nonhomogeneous ODEs

EXAMPLE:2

Step 3. Solution of the initial value problem. Setting x = 0 and using the first initial condition gives
y(O) = A — 0.002 = 0, hence A = 0.002. By differentiation and from the second initial condition,

y =y + y;, = —Asinx + B cosx + 0.002x and Yy =8=15

This gives the answer {Fig. 49)

< y = 0.002 cos x + 1.5 sinx + 0.001x* — 0.002.

Figure 49 shows y as well as the guadratic parabola y;,, about which y is oscillating, practically like a sine curve
since the cosine term is smaller by a factor of about 1/1000. n
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Fig. 49. Solution in Example 1

Application of the Modification Rule (b)

Solve the initial value problem
(6) ¥+ 3y + 225y = 1070, WO =1, ¥y = 0.

Solution. Step 1. General solution of the homogeneous ODE. The characteristic equation of the
homogeneous ODE is A+ +225=0+ 1.5)2 = (0. Hence the homogeneous ODE has the general
solution .

yp = (cy + can)e” M.
Step 2. Solution y, of the nonhonogeneous ODE, The function e~ 1%® on the right would normally reguire

the choice Ce~ 5% But we see from yj that this function is a solution of the homogeneous ODE, which
corresponds to a double root of the characteristic equation. Hence, according to the Modification Rule we have
to multiply our choice function by x2. That is, we choose

Yo = CxZe™19%, Then y;, = C(Zx. — 158 1, yp=C2—3x—3x+ 2.25x% 197,

We substitute these expressions into the given ODE and omit the factor &~ 15 This yields
C2 — 6x + 2.255%) + 3C(2x — 1.55%) + 2.25Cx% = ~10.

Comparing the coefficients of x, x, x° gives 0 = 0,0 = 0, 2C = —10, hence C = —5. This gives the solution
Y= —5x%7 V5% Hence the given ODE has the general solution
y=ytyp=k+t sz)e—l.Sx — 5x% 7155,

Step 3. Solution of the initial value problem. Setting x = 0 in y and using the first initial conditipn, we abtain
¥0) = ¢; = 1. Differentiation of y gives

¥ = (ca — 1.5¢; — 1.5cz0)e” 1% — 10xe™ M2 + 7.56% 5%

From this and the second initial condition we have y'(0) = ep — 1.5c; = 0. Hence ¢ = 1.5¢; = L.5. This
gives the answer (Fig. 50)

= (1 + 150 ¢ — 5x% 710 = (1 + 1.5x — SaPye M
¥

The curve begins with a horizontal tangent, crosses the x-axis at x = 0.6217 (where 1 + 1.5x — 5_x2 = () and
approaches the axis from below as x increases. |
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CHAP. 2 Second-Order Linear ODEs
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Fig. 50. Solution in Example 2

Application of the Sum Rule {c) “m,
Solve the initial value problem

M ¥+ 2y 4+ 5y = %% & 40 cos 104 — 190 sin 10x, ¥w0) = 016,  y'(0) = 40.08.

Solution. Step 1. General solution of the homogeneous ODE, The characlerislic equation

A2 +S5=A+1+20A+1-2)=0

shows that a real general solution of the homogeneous ODE is

yp =€ ° {A cos2x-+ B sin 2x).
Step 2. Solution of the nonhomogeneous ODE. We write ¥, = y,1 + ¥pa, where y,; corresponds to the
exponential term and ypp to the sum of the other two terms. We set

Ypi = Ce™P%, Then yo1 = 0.5C™H and yp1 = 0.25Ce%5%,

Substitution into the given ODE and omission of the exponentiai factor gives (0.25 + 2+ 0.5 + 5)C = I, hence

C = 1/6.25 = 0.16, and yp; = 0.16%%%,
We now set ¥p2 = K cos i0x + Af sin 10x, as in Table 2.1, and obtain

y{,z = —10K sin 10x + [0M cos 10x, yl’)’z = —100X cos 10x — 100M sin 10x.
Substitution into the given ODE gives for the cosine terms and for the sine terms

—100K + 2+ 10M + 5K = 40, ~100M — 2- 10K + 5M = 190

or, by simplification,
~95K + 20M = 40, —20K — 95M = —190.

The solution is X = 0, M = 2. Hence ypg = 2 sin 10x. Together,

V= v+ vpy + Vo = €T (A cosZx + B sin 2x) + 0.16¢%%F + 2 sin 10x.

Step 3. Solution of the initial value problem. From y and the first initial condition, y(0) = A + 0.16 = 0.16,
hence A = 0. Differentiation gives

y' = e (A4 cos 2x — B sin2x ~ 24 sin 2x + 2B cos 2¢) + 0.08"%% + 20 cos 10,

From this and the second initial condition we have y' (0} = —A + 2B + 0.08 + 20 = 40.08, hence 8 = 10.
This gives the sclution (Fig. 51)
¥ = 107 sin 2x + 0.16e%%F + 2 sin 10x.

The first term goes to 0 relatively fast. When x = 4, it is practically 0, as the dashed curves + 106 + 0.16e%5° x
show. From then on, the last term, 2 sin 10x, gives an oscillation about 0.16¢%5%, the monotoze increasing

g .
dashed curve. I H ;-
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Fig. 51. Solution in Example 3

Stability. The following is important. If (and only if) all the roots of the characteristic

equation of the homogeneous ODE y” + ay’ + by = 0in (4) are negative, or have a negative

real part, then a general solution y,, of this ODE goes to 0 as x — %, so that the “transient

~ solution” y =y, + y, of (4) approaches the “steady-state solution” y,. In this case the

nonhomogencous ODE and the physical or other system modeled by the ODE are called

stable; otherwise they are called unstable. For instance, the ODE in Example 1 is unstable.
Basic applications follow in the next two sections.

1o the

, hence

o= 0.15,

0.16¢%%"
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