Taylor polynomials/series
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MTH 142 Sor 2011 L. Pakula

Wewill use Mathematica to compute Taylor polynomials, and explore graphically and numerically how well they
approximatefunctions Sart by defininga familiar function like f(x) = sin(x):

fIx_1:=89n[x]
Mathematica has a built-in command to compute Taylor polynomialscalled Seri es but thereault isin a gpecial
format. To get our Taylor polynomialsin a more useable form, we definea new function,P, asfollows. Weneed to

supplytheorder of the polynomial n, thename of thefunction,f , thepoint about which we are formingthe Taylor
polynomial,a, and thevariable name x:

Pin, f_,a, x ]:=Nornal [Series[f[t], {t, a n}]]/. t>X

After evaluatingthislagt cell and the onecontainingthe definitionof f(x), we can then get Taylor polyomialsof our
functionf asin thenext examples.

P[5, f, 0, x]
x3 x5

X-— +—
6 120

P[6, f, A /2, Xx]
1 /(o 2 1 7T 4 1 7T 6
1-— (——+X) +— (——+X) -— (——+X)
2\ 2 24 \ 2 720 \ 2
Noticethat when a = n/ 2, we get even powersof (x - a) = (7§ +x) rather than odd powers. Do you see why?Let's
plot these polynomialstogether with f(x):
Mot [{P[6, f, A /2, x], P[5, f, O, x1, f[x]}, {x, -5, 5}, PotRange -» {-3, 3}]
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Can you tell which graph iswhich? Sncethese polynomialshave almog the same degree, theoneabout 0 should be
abetter approximationnear x = 0, and theoneabout 7/ 2 should be better near x =7/ 2. Supposeyou want to get
an approximatevalue for sn(0.5) (remember that's0.5 RADIANS), usng only the smple arithmetic involved in
computinga Taylor polynomial of degree around 5 or 6. Let'scomputethe values of our two polynomialsand
compareit to Mathematica'svaluefor sn(0.5):
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{P[6, f, B /2, 0.5], P[5, f, O, 0.5], f[0.5]}
{0. 479383, 0.479427, 0.479426}

Wesee that the5th degree polynomial about 0 gives a closer answer than the6th degree polynomialabout 7/ 2.

PROBLEMS

Sart anew notebook,and begin with thecommands.

f[x_1:=Sn[x]
Pin,f ,a, x ]:=Normal [Series[f[t], {t, a n}]]/. t X

Problem 1. Consder again thetwo Taylor polynomialsfor Sn(x): the5th degree polynomial aboutx =0and the6th
degree polynomialaboutx =/ 2.

i) Which of these two polynomialsgives a more accurate value for sin (0.9)? For sn (2.1)? If we changed the
polynomial about O from degree 5to degree 9 would that alter your answers? ii) Supposeyou want to approximate
sn (2.3). Whatisthesmalles degree for the polynomial around O that will result in an approximation comparably
accurateto theapproximationof sn (2.3) usngthe6th degree Taylor polynomialabout n/ 2?

Problem 2. What order Taylor polynomial about 0 should you use to get fairly accurate approximationsto sn(x) if x
is between -n/ 2 and n/ 2? Between -5 and 5? Remember that a lower degree polynomial is less work to compute,
even for amicroprocessor.



