Math 243 Sec. 2 Spring 2003  Practice Exam |1 Solutions p.1

1. (17,p.663)If f(r,n)=2prh+pr®, Nf =[f, f,]=[20h+2pr 2pr]. Atthe

point (2, 3), thisis [10p 4p] =10pi+4p j.
2. (27, p. 664) We know that the gradient is perpendicular to the contour and points in

the direction of increase. From the point (2, 0), this would then point directly to the
right in the i-direction.

3. (37,p.664) If f(x,y)=sn(2x-y),
Nf =gf,  f j=g2cos(2x- y) - cos(2x- y)g. Atthepoint (1, 2), thisis
[2 -1]=2i- j. Therefore,

f, (1,2)=(2i- j)=i=(2i- j)w:%(zw(&)%%)):z
4. (51,p.665)If f(xy)=3xy+y":
a KNf =[3y 3x+2y|. Atthepoint (2, 3), thisis[9 12] :9i+12j. The unit

F J_
rate of change of f in this direction at this point is
. : ' 15
f (2,3)=(9 +12] 9i+12]j A3 1) 9x3+12 =,
(2:3) = (9 +121) 0 = (01 +12]) = = (08412 1) =2
b. The direction of the maximum rate of change is just the direction of the
. 9i +12]j 9i+12] 3 +4]
gradient, = = )
VP +122 3F+42 5
5. (17, p. 671) Notice that since (- 1)2 -12+ 2 =4,(-1,1, 2) liesonthe surface. Thisis
alevel surface w=4 for the function w= f (x,y,z) =x* - y* + 7. Weknow that
the gradient of any function is perpendicular to its level sets, so that
Nf =gf, f, f,§=[2x -2y 22] isanormal vector, a every point. In
particular, at (-1, 1, 2), we have the normal vector
g2(-1) -2 2Xpy=-2- 2j +4k. Theequation for the tangent plane is then
-2X - 2y +4z =c. Plugging in the point (-1, 1, 2), gives
c=-2x-1)- 2x1+4>2 =8, so that the equation of the planeis - 2x - 2y +4z =8,
6. (24,p.671) If G(x,y,z)=X*- 5xy+y’z:
a NG=@x-5y -5x+2yz y’jy. Atthepoint (1,2, 3), thisis
@2X- 5% 5x+2x2>3 2°y=-8 +17]+4k. The unit vector in the
2i+j-4k _2i+j-4k

JE+(-)f e V2

vector in the directionof 3i- j isu= Therefore, the

directionof 2i+ j- 4k is G =

. Therefore, the
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rate of change of G in thisdirection at thispoint is
G, (2,3) =(-8i +17] + 4k) ALK

21
1 15

:E((- 8)x2 +17X+ 4x-4)) =- N

b. The direction of the maximum rate of change is just the direction of the
, -8 +17j+4k -8 +17j +4k
gradient, = :
J(-8)" 177 +2° /369

c. The maximum rate of change is the directional derivative in the direction of
the gradient, (-8 +17 + 4k) 2 Lk _ 309 _ 355 Noticethis

J369 369

turns out to be just the magnitude of the gradient, as it aways will.
7. (5,p.679)If z=1f(x,y)=xe" and (x,y)=g(t) :(2t,1- tz),then z=fog(t) and
the Chain Rule says that:

édx
dz _ édz dzuedt U €24
fo Df D = xe’
dt ( g) 9= edX dyuedyu @ He 2tu
8dt 0

=€’ +xe' (- 2t) = 2¢ (1- xt) = 2e"" (1- (2)t) = 2¢"“ (1- 21?)
8. (13,p.679)If z=f (x,y) :singg and (x,y)=g(u,v) =(In(u),v), then

z=f o g(t) and the Chain Rule says that:

édx dxu
7 N e l]
€dz d20_ (., g)=Df g =502 d2lzdu dvy
Edu avH &ax dyUedy dyg
édu avl
€1 ax6 X ('jl‘Jgl o-
—e—cos - X cosZ & U
g)m y? gyme U
ed 1g

el GEKOOaé.o ®& x ox00 @& ex00 e x a&xoot}l
=a; cos >E = g-—cos __><0 g—cos =0+ ¢ —cos
&Y &Y pp SUp & &Y o0 Yo & Sy

€1 X0  x  exol_ €1 an(u)o  In(u) aén(u)d,J
—e—cos = &—Cos + - —5—cosg Y

&yo 8)/@0 gwu e Vv e V 4
9. (5,p.680) If f(xy)=(x+y)e

Df :gfx fyH:gey ey+(X+y)eyH=8ey (1+X+Y)eyE|,andSO

2
1] V
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D?f éf,, fyxu go e’ u g’:O e l)
=é u=e u=e u
By Tl & @ r(rxay)ey @ (2ex+y)el;

Noticethat f, =e’ =f, .

10. (1, p.709) The point A is not a critical point; we can estimate the directional
derivative in any direction and see that it is not zero, so the gradient isnot 0. Point B
isatypical critical point; from the contour values, we can seethat it isalocal
maximum. Point C isatypica saddle point: it is at the intersection of two contours,
therefore the directional derivativesin the direction of each contour is 0; since two
different directional derivatives are 0, the gradient must be O; moreover, we can see
from the contour values that the values increase as we move horizontally and
decrease as we move vertically, leading to a saddle-shaped graph.

11 (5, p709) If f(xy)=x"-3x+y -3y, 0=Df =gf f §=¢g3x*-3 3y*- 3y
impliesthat 0=3x* - 3=3(x- 1)(x+1) andso x =+1. Likewise, y =+1. In

. éf, f,u éx O0°

addition D*f =@ Ha=a E

éfxy wa 0 6yq
(x,y)=(-12 or (1- 1), thisis negative, so (by the Theorem on p. 708) we have
saddle points. Since thisis positive at the other two critical points, they are local
max/min. At (11), f, =6>0, sowehavealoca min; at (-1,-1), f, =-6<0,
which indicates a local max.

12. (21, p.709) At (13), Df =gf  f g=[0 0] =0, soitisacritical point. The
fVX
fW

0, so we have aloca min. Hereis a possible contour plot:

so itsdiscriminant is

0
= 36xy. At
Gy‘ .

—

XX

discriminant is |D* f| = fufy = fyfx = fuf, - 050>0, sowehavea

—

vV

local max/min; since f

XX
5k

N
%

1k

7
N

2

-1 0 1
13.(3,p. 716) f(x,y)=-2x*- 7y? =- (2x* +7y?), since X

N

,y?3 0, f £0. Since

f (0,0) =0, 0is both an upper-bound and a function value, it is a global maximum.
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14. (5, p. 716) A contour graph of f x,y =X +y*:

15.

16.

1

-1

N E
%

o

shows that (0, 0) isalocal max/m| n; since the contours are mcreasi ng as we move
away from the origin, thisisaloca min. Since we can see the entire domain, (0, 0) is
aglobal min on the unit square. Likewise, we can see that the highest contours occur
at the corners; by symmetry, they al have the same value,
f(+1,+1)= (w_~1)2 + (11)2 =2. Thus, thepoints (1, 1), (-1, 1), (1, -1), (-1, -1) aredll
global maxima.
(21, p. 717) If R= f (t,h) =27800- 5t* - 6ht - 3h* +400t +300h,
0=Df =[f, f,]=[-10t- €n+400 -6t- 6h+300] implies that:
16t +6h=400 5t+H=200 2t =50 t=25
6t+6h:300ID t+h =50 g t+h:50ID h=25
Note: At the 2" step, we subtracted 3 times the 2" equation from the first. In
fel |-10 -6
th fhh -6 -6
f, =-10<0, we have aloca max. From the application, we expect that thisis a
globa maximum over the domain of applicability.
(9, p. 742) From the Theorem on p. 740, if the temperature at a point (X,y) isgiven

addition, |D f|

‘: 48 > 0, so we have alocal max/min. Since

: . 1 . :
by afunction, f(x,y), the average temperatureis m(R)Of (%, y)dA. Firg,

Area(R) =25. If we use the contour plot to estimate function values in the center of

each square, we can estimate a Riemann sum for f (x, y) dA; working from left-to-
R

right and top-to-bottom, we obtain the following approximate function values. 24, 23,

22,225,235, 25,245, 24, 24, 24, 26, 25.5, 25, 25, 25, 27.5, 27, 26, 26, 25.5, 29, 28,

27, 26.5, 26. Totally these up, multiplied by the area of each rectangle (which isjust

1), this gives a Riemann sum of 631.5, giving an average value of 6315 » 25.3.
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Note: Thisis only an approximate answer; if you choose your points differently, you
may get adightly different result; for example, the solution in the book is 25.2.

17. (17, p. 743) Thegraph of f (X, y) =5x is symmetric with respect to the x-axis; the

graph over x > O isidentical and opposite in sign to the graph over x < 0. Since Bis
also symmetric with respect to the x-axis, the integral over B withx > O isidentical

and opposite in sign to the integral over x < 0. Therefore, cpxdA=0.
B

18. (15, p. 750) Considering theintegral ) (% +y)dydx, we can identify the
bounding curvesas x =3, x=0, y=2x,and y=0. Practically speaking, for each
x-value between 0 and 3, we are summing functiona values asy ranges from O to 2x,
which we can visualize as:

6
y=2X
AR
2.
1 X 2 3
Simplifying gives:
2x 3 3
KT 3, y? 3 (ZX) 14 x* 143
x? +y?)dydx= X’y +—| dx=Q2x +—L-dx="—"— = ——=0945.
00 (X +y?)ay O*Y™5 *TQ 3 34|, 34

19. (21, p. 750) The region is bounded by the curves y =x+1, y=-x+1,and y=0. If
we "dice" this region horizontally, that is, for each y-value between 0 and 1, we can
sum functional values as x ranges fromy - 1to-y + 1 (Note: We solved the bounding
equations for x), which we can visualize as:

1

x=y-1
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Simplifying the integral gives:

- y+l
dx

y-1

(‘91(2( y+1) +3y)3 - (2(y- 1) +3y)3dx

2oy 2 o a1(2x+3y)
00, (2x+3y)” dxdy = o

ol

Hy+2)' 1(5y-2) 3

14 3 3 1
=2a(y+2) - (5y- 2)'dx==
50y +2) - (5 )Xeé 4 5 4

0
_191+2)" 1(54-2)'0 H0+2)' 1(50- 2)4%_ 13
6 4 5 4 2 é 4 5 4 w 6
20. (27, p. 750) Theregion is bounded by thecurves y =0, y=1, x=y,and x=1. We

can view thisregion as "diced" horizontaly, that is, for each y-value between 0 and 1,
we can sum functional values as x ranges from y to 1, which we can visualize as:

1F

X=y

1

If weinstead "dlice" vertically, so that for each x-vaue between 0 and 1, we sum
functional values asy ranges fromO to x, this is visualized as:

1k

« 1

Expressed as anintegral, this is 5(53in(x2)dydx, which simplifies as:
1 .x . 1. X 1,
@Qsm(xz)dydx = Qsm(xz) y|, dx = (‘gsm(xz) xdx

=- %cos(x2 )E :%gl- cos(1)g



Math 243 Sec. 2 Spring 2003  Practice Exam |1 Solutions

p.7

21. (3, p. 755) This may be written as 666(% + by + cz) dzdydx , which simplifies as:

2 -

000 (ax+by +cz) dzdydx = éégaxﬁ byz + c% ;

112

- ) (2ax+ 2by+ 20) dyd= SBaxy + 20+ 20y ax
=00 y +2¢)dycx= Qo2any + 202 + 20y

dydx

1

0

1 1
= Q(Zax+ b+2c)dx = (ax2 +bx+20x)|O =a+b+2c

22. (17, p. 755) Since the plane intersects the xy-plane in the line x/3 + y/2 = 1, which

intersects the x-axis at x = 3, we can express the solid as bounded by the planes x =0

(i.e., the yz-plane), x =3, y =0 (i.e.,, the xzplane), y = - %x +2,z=0 (i.e, thexy-

plane), and z=-2x - 3y +6. This means that the mass, which is the integral of the

2x+2 2 * 3 y+6

density, of the region may be expressed as Q Q Q

(x+y)dzdydx . This

simplifies as:
2
SQEX 2(‘-92 *x 3y 6(x+y)dzdydx :(‘SQ (X+y) - 2x- 3y+6 dde
\3\——2x+2
=QQ° (x+y)(-2x- 3y+6)dydx
2
:(‘5 (3 g6x 2x) (6—5x)y—3y28dydx
‘336 2¢)y+(6-5 )Y [
= X- 2X + X | — - X
Qé g 2 4 Uy
o2 € el .0 a2
= O —X+2-46x- 2% 6- 5X) - = x+1-- -—x+2_ dx
Qg 3” gg ) ( )8 3 g &3 za
4

3

—x3-§x +2x+4 dx x* -§x +x2+4xj =75
& 3 8

0



