
A nutrient-prey-predator model with
intratrophic predation

S.R.-J. Jang a,*, J. Baglama b

a Department of Mathematics and Statistics, Texas Tech University, Box 41042, Lubbock,

TX 79409-1042, USA
b Department of Mathematical Sciences, Ball State University, Muncie, IN 47306, USA

Abstract

A simple food chain which consists of nutrient, prey and predator with intratrophic

predation of the predator is proposed and analyzed. The dynamics of the model depend

on the basic reproductive numbers of the prey and predator. Intratrophic predation can

have impact on the system only if the basic reproductive number of the predator is

greater than 1. In this case, the system may have multiple coexisting equilibria. How-

ever, intratrophic predation can stabilize the system when such an equilibrium is unique.

Moreover, it can elevate the magnitude of the prey population and diminish the level of

nutrient concentration of any coexisting equilibrium. � 2002 Elsevier Science Inc. All

rights reserved.
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1. Introduction

The mechanism of intratrophic predation has been introduced into popu-
lation models and its dynamical consequences have been examined by several
researchers. These studies originate from a survey paper on evolution and in-
traspecific predation by Polis [7], who demonstrated that cannibalism is an
interesting and important mechanism in population dynamics. Aside from the
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cannibalistic point of view, intratrophic predation can occur in models for
which a population consists of several species of organism and one or more
species may prey on others.

Articles addressing the effect of cannibalism include for example, Bosch
et al. [10] and Cushing [2] and have contributed to the understanding of this
biological phenomenon. In these papers, age structured models were con-
structed and used to study cannibalism. In contrast to the method of structured
models, Kohlmeier and Ebenhoh [5] considered a Lotka–Volterra predator–
prey model with cannibalistic mechanism. Specifically, the food resource that is
available to the predator is modeled as a weighted sum of prey and predator
densities. Their numerical results indicated a strong increase of the standing
stock of both prey and predator.

More recently, Pitchford and Brindley [6] introduced a general predator–
prey model with intratrophic predation. They showed that the addition
of intratrophic predation has no effect on the existence and local stability
of equilibria with the absence of predator. Moreover, using an asymptotic
method by assuming that intratrophic predation is sufficiently small, they
demonstrated for the model given by Kohlmeier and Ebenhoh [5] that in-
tratrophic predation always increases the coexisting equilibrium value of
the prey and its stability. Therefore, their study confirmed an earlier obser-
vation made by Kohlmeier and Ebenhoh [5] that cannibalism has a stabilizing
effect.

In this paper we propose a nutrient–prey–predator model to study the effect
of intratrophic predation and consequently the impact of cannibalism, as
cannibalism is a special case of intratrophic predation. Unlike the two trophic
levels considered by previous authors [5,6], we model the food resource of prey
explicitly. Therefore, our model consists of three trophic levels. The incorpo-
ration of nutrient concentration as a state variable is motivated by the benthic
ecosystem in which different zooplankton species may be regarded as a single
predator population.

Our primary goal in this study is to investigate the effect of intratrophic
predation on the dynamics of the system. In particular, global stability of
equilibrium with the absence of predator is fully analyzed. It is demonstrated
that intratrophic predation has no effect on the dynamics of the system when
the basic reproductive number of the predator is less than 1. However, it can
stabilize the coexisting equilibrium and has the effect of elevating magnitude
of the prey density of coexisting equilibrium if the basic reproductive number
of the predator is greater than 1. Consequently, intratrophic predation di-
minishes the available nutrient concentration as there is a larger prey popu-
lation present. On the other hand, our system can be regarded as a chemostat
predator–prey model with different death rate when the mechanism of intra-
trophic predation is absent. As a consequence, our results can also apply to this
particular chemostat system.
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In Section 2, a mathematical model is presented and its dynamical conse-
quences are discussed. Numerical simulations will also be given in Section 3.
Section 4 provides a brief discussion.

2. The model

Let xðtÞ be the nutrient concentration or the food resource of prey at time t.
We assume in the absence of prey, the nutrient is governed by the simple
chemostat law, _xx ¼ kðx0 � xÞ, where k is the input, or the washout rate, and
x0 is the constant input nutrient concentration. Thus in the absence of prey
population, the nutrient concentration always stabilizes at the input nutrient
concentration level x0. This chemostat law is commonly used by researchers to
model the dynamics of nutrient concentration in lakes or oceans [3,8].

Let yðtÞ be the prey population at time t. The uptake of prey is modeled by
the Michaelis–Menten kinetic m1x=ða1 þ xÞ; where a1 is the half-saturation
constant and m1 the maximal nutrient uptake rate of prey. We let a denote the
net nutrient conversion rate and c the death rate of prey. The predator pop-
ulation at time t is denoted by zðtÞ. Similar to the models given in [5,6], the food
resource that is available to the predator is modeled by y þ bz, where b,
06 b6 1; is the measure of intensity of intratrophic predation. If b ¼ 0, there is
no intratrophic predation and consequently the prey is the only food resource
for the predator. If b ¼ 1, the predator regards prey and predator alike and
thus preys on both populations indiscriminately.

We use a Holling-II functional response to model the predator’s uptake rate,
with half-saturation constant a2. Let m2 and d be the maximal uptake rate and
the death rate of predator, respectively, with b the net prey conversion rate.
Putting all these assumptions together, our model is given by the following
system of ordinary differential equations:

_xx ¼ kðx0 � xÞ � m1xy
a1 þ x

;

_yy ¼ am1xy
a1 þ x

� m2yz
a2 þ y þ bz

� cy; ð2:1Þ

_zz ¼ bm2ðy þ bzÞz
a2 þ y þ bz

� m2bz2

a2 þ y þ bz
� dz;

xð0Þ; yð0Þ; zð0ÞP 0;

where k, x0, m1, a1, m2, a2, c, d > 0; 0 < a; b6 1 and 06 b6 1.
The first step in understanding system (2.1) is to show that solutions of the

system remain nonnegative and are bounded, so that system (2.1) is biologi-
cally meaningful.
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Lemma 2.1. Solutions of (2.1) are nonnegative and bounded.

Proof. Since _xxjx¼0 > 0, _yyjy¼0 ¼ 0 and _zzjz¼0 > 0; solutions of (2.1) remain non-
negative for tP 0. Furthermore, _xxþ _yy þ _zz6 kðx0 � xÞ � cy � dz6 kx0 �
k̂kðxþ y þ zÞ; where k̂k ¼ minfk; c; dg. Thus lim supt!1 xðtÞ þ yðtÞ þ zðtÞ6 kx0=k̂k;
i.e., solutions of (2.1) are bounded. In particular, since _xxjx¼x0 6 0; we see that
xðtÞ6 x0 for t large. �

Our next step is to find equilibria of (2.1). It is easy to see that a trivial
equilibrium E0 ¼ ðx0; 0; 0Þ always exists for (2.1), which is moreover inde-
pendent of b. A straightforward calculation yields another equilibrium E1 ¼
ðx1; y1; 0Þ, where

x1 ¼ a1c=ðam1 � cÞ > 0 and y1 ¼
kða1 þ x1Þðx0 � x1Þ

m1x1
> 0

provided am1 > c and x1 < x0. Notice that this equilibrium E1 also does not
depend on the parameter b and there exists no steady state on the x–z plane.

To discuss local stability of these equilibria, we turn to the Jacobian matrix
of (2.1). The Jacobian matrix J of (2.1) is given by

�k � m1a1y

ða1 þ xÞ2
�m1x
a1 þ x

0

am1a1y

ða1 þ xÞ2
am1x

ða1 þ xÞ � c � m2zða2 þ bzÞ
ða2 þ y þ bzÞ2

�m2yða2 þ yÞ
ða2 þ y þ bzÞ2

0
bm2a2zþ m2bz2

ða2 þ y þ bzÞ2
d

0
BBBBBBB@

1
CCCCCCCA
;

where

d ¼ bm2

ðy þ 2bzÞða2 þ y þ bzÞ � bzðy þ bzÞ
ða2 þ y þ bzÞ2

� 2m2bzða2 þ y þ bzÞ � m2b2z2

ða2 þ y þ bzÞ2
� d:

In particular, the Jacobian matrix at E0 is

JðE0Þ ¼
�k

�m1x0

a1 þ x0
0

0
am1x0

a1 þ x0
� c 0

0 0 �d

0
BBBB@

1
CCCCA;

and at E1 is given by
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JðE1Þ ¼

�k � m1a1y1
ða1 þ x1Þ2

�m1x1
a1 þ x1

0

am1a1y1
ða1 þ x1Þ2

0
�m2y1
a2 þ y1

0 0
bm2y1
a2 þ y1

� d

0
BBBBB@

1
CCCCCA
:

From these two matrices, we see that E0 is locally asymptotically stable if
am1x0=ða1 þ x0Þ < c and E1 is locally asymptotically stable if m2y1= ða2 þ y1Þ <
d=b. Clearly, these inequalities do not involve the parameter b. We immediately
conclude that intratrophic predation has no effect on the existence and local
stability of equilibria for which the predator is absent. This conclusion is
consistent with the result obtained by Pitchford and Brindley [6].

We now define two thresholds R0 ¼ am1x0=ðcða1 þ x0ÞÞ, and R1 ¼ bm2y1=
ðdða2 þ y1ÞÞ if y1 exists. In the following, we show that solutions of (2.1) ap-
proach equilibrium E0 independent of b as time gets large if R0 < 1.

Theorem 2.2. If R0 < 1, then E0 is the only equilibrium and solutions of (2.1)
converge to E0 for any 06 b6 1.

Proof. We first show that there exists no steady state other than E0. Indeed, if
E1 ¼ ðx1; y1; 0Þ exists, then x1 < x0. This inequality is equivalent to R0 > 1 and
we obtain an immediate contradiction. Similarly, if (2.1) has a positive steady
state ð�xx; �yy;�zzÞ, then it follows from the second equation in (2.1) that am1�xx=
ða1 þ �xxÞ > c. Then �xx > x0, which is also impossible. We conclude that our as-
sumption of R0 < 1 implies that (2.1) has no steady state other than E0.

We now show that E0 is globally asymptotically stable for (2.1). Observe
that xðtÞ6 x0 for t large, and thus

_yyðtÞ6 am1x0

a1 þ x0

�
� c

�
yðtÞ

for t large. Since R0 < 1, then _yyðtÞ6 0 for t large. Hence limt!1 yðtÞ ¼ y� P 0
exists and limt!1 _yyðtÞ ¼ 0. If y� > 0, then

lim
t!1

_yyðtÞ6 am1x0

a1 þ x0

�
� c

�
y� < 0:

We obtain a contradiction and conclude that limt!1 yðtÞ ¼ 0: Consequently,
limt!1 zðtÞ ¼ 0 and limt!1 xðtÞ ¼ x0 and the theorem is shown. �

Threshold R0 can be regarded as the basic reproductive number of the prey.
When R0 < 1, the prey population cannot survive, and consequently the
predator also becomes extinct. Therefore, intratrophic predation of the top
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predator has no effect on the dynamics of the system if R0 < 1. This is due to
the extinction of the prey.

When R0 > 1, m1x=ða1 þ xÞ ¼ c=a has a solution x1 < x0 and thus y1 exists.
Consequently, equilibrium E1 ¼ ðx1; y1; 0Þ exists and an equilibrium of this
form is unique. Recall that when R0 > 1 and R1 < 1, E0 is unstable and E1 is
locally asymptotically stable. In the following we show that E1 is globally as-
ymptotically stable. Our method is taken from a recent result obtained by Chiu
and Hsu [1] , where a logistic equation is used to model the growth of the
lowest tropic level population. However, their technique can be easily carried
over to our system in which a chemostat law is used.

Theorem 2.3. If R0 > 1 and R1 < 1, then E0 and E1 are the only equilibria for
(2.1) and solutions ðxðtÞ; yðtÞ; zðtÞÞ of (2.1) with yð0Þ > 0 satisfy limt!1ðxðtÞ;
yðtÞ; zðtÞÞ ¼ E1 for 06 b6 1.

Proof. We first show that (2.1) has no positive steady state. Indeed, if (2.1) has
a positive equilibrium ð�xx; �yy;�zzÞ, then it follows from the second equation of (2.1)
that �xx > x1 and thus

�yy ¼ kða1 þ �xxÞðx0 � �xxÞ
m1�xx

<
kða1 þ x1Þðx0 � x1Þ

m1x1
¼ y1:

On the other hand, y1 also satisfies

bm2ð�yy þ b�zzÞ
a2 þ �yy þ b�zz

� m2b�zz
a2 þ �yy þ b�zz

¼ d

and thus

bm2�yy
a2 þ �yy

>
bm2ð�yy þ bð1� 1=bÞ�zzÞ

a2 þ �yy þ b�zz
¼ d:

We see that �yy > y1 by the assumption that R1 < 1 and thus obtain a con-
tradiction. We conclude that (2.1) has only equilibria E0 and E1.

Clearly, the positive x–z plane is positively invariant. Since R0 > 1 , E0 is
only stable in x–y plane. We apply the Dulac criterion to show that E1 is
globally asymptotically stable on the x–y plane. Indeed, let Bðx; yÞ ¼ 1=y for
xP 0; y > 0. Then

oðB _xxÞ
ox

þ oðB _yyÞ
oy

¼ �k=y � m1a1
ða1 þ xÞ2

< 0 for xP 0; y > 0:

Hence there is no periodic solution on the x–y plane and E1 is asymptotically
stable on the x–y plane.
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We now rescale our system (2.1) by letting x̂x ¼ x=x0, ŷy ¼ y=ax0; ẑz ¼ z=abx0,
m̂m1 ¼ am1; m̂m2 ¼ bm2; âa1 ¼ a1=x0 and âa2 ¼ a2=ax0:

After incorporating these new state variables and parameters, and ignoring
all the hats, system (2.1) takes the form

_xx ¼ kð1� xÞ � m1xy
a1 þ x

;

_yy ¼ m1xy
a1 þ x

� m2yz
a2 þ y þ bbz

� cy; ð2:2Þ

_zz ¼ m2ðy þ bbzÞz
a2 þ y þ bbz

� m2bz2

a2 þ y þ bbz
� dz;

xð0Þ; yð0Þ; zð0ÞP 0:

It is sufficient to show that E1 is globally asymptotically stable for system (2.2).
Let HðxÞ ¼ ðkð1� xÞða1 þ xÞÞ=m1x. It is easy to see that limx!0þ HðxÞ ¼ 1,

limx!1 HðxÞ ¼ �1, Hð1Þ ¼ 0 and

H 0ðxÞ ¼ �km1x2 � km1a1
m2

1x2
< 0 for x > 0

with Hðx1Þ ¼ y1.
Let

GðxÞ ¼
Z x

x1

m1s
a1 þ s



� c

��
m1s

a1 þ s


 �
ds ¼ m1 � c

m1

ðx� x1 � x1 lnðx=x1ÞÞ:

We see that limx!0þ GðxÞ ¼ 1, Gðx1Þ ¼ 0 and GðxÞ > 0 for x > 0; x 6¼ x1.
Let F ðxÞ ¼ ðy1 � HðxÞÞ=GðxÞ. Then F ðxÞ < 0 for 0 < x < x1 and F ðxÞ > 0

for x1 < x < 1: Moreover, limx!0þ F ðxÞ ¼ 0, limx�x�
1
F ðxÞ ¼ �1 and

limx!xþ
1
F ðxÞ ¼ 1. Let h > 0 satisfy h < minx1<x<1 F ðxÞ. Then h > F ðxÞ for

x 2 ð0; x1Þ and h < F ðxÞ for x 2 ðx1; 1Þ.
We now use a Lyapunov function constructed in [1] on X ¼ fðx; y; zÞ 2

R3
þ : y > 0; 06 x6 lg,

V ðx; y; zÞ ¼ 1

h þ 1
yhþ1


� yhþ1
1

�
� y1

h
yh


� yh
1

�

þ yh

Z x

x1

m1s
a1 þ s



� c

��
m1s

a1 þ s


 �
dsþ cz;

where c > 0 will be defined later. Observe that V P 0 on �XX and V ¼ 0 if and
only if x ¼ x1; y ¼ y1 and z ¼ 0.

The time derivative of V along trajectories of (2.2) is then

_VV ¼ yhG0ðxÞ _xxþ yh�1½y � y1 þ hGðxÞ� _yy þ c_zz;
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where

G0ðxÞ _xx ¼ m1x
a1 þ x

�
� c

�
_xx

m1x
a1þx

¼ m1x
a1 þ x

�
� c

�
½HðxÞ � y�:

Thus,

_VV ¼ yh m1x
a1 þ x

�
� c

�
HðxÞ½ � y1 þ hGðxÞ� þ c

m2y1
a2 þ y1

��
� d

�
z

� hyh�1GðxÞ m2yz
a2 þ y þ bbz

�
þ c

m2ðy þ bbzÞ
a2 þ y þ bbz

��
� m2y1
a2 þ y1

�

� cm2bz
a2 þ y þ bbz

� yh�1ðy � y1Þ
m2y

a2 þ y þ bbz

�
z ¼ Iþ IIþ III:

Note that

I ¼ yh m1x
a1 þ x

�
� c

�
½HðxÞ � y1 þ hGðxÞ� < 0 for x 6¼ x1

by the definition of h. Also, I ¼ 0 if and only if x ¼ x1.
The second part,

II ¼ c
m2y1

a2 þ y1

�
� d

�
z� hyh�1GðxÞ m2yz

a2 þ y þ bbz
6 0 as

m2y1
a2 þ y1

< d;

and II ¼ 0 if and only if z ¼ 0.
Finally

III ¼ c
m2ðy þ bbzÞ
a2 þ y þ bbz

�

� m2y1
a2 þ y1

� m2bz
a2 þ y þ bbz

�

� yh�1ðy � y1Þ
m2y

a2 þ y þ bbz

�
z;

where the first-term

c
m2ðy þ bbzÞ
a2 þ y þ bbz

�
� m2y1
a2 þ y1

� m2bz
a2 þ y þ bbz

�
6

m2a2c
ða2 þ y1Þða2 þ y þ bbzÞ ðy � y1Þ:

Thus,

III6
m2a2cðy � y1Þ

ða2 þ y1Þða2 þ y þ bbzÞ

�
� yh�1ðy � y1Þ

m2y
a2 þ y þ bbz

�
z

¼ m2ðy � y1Þ
ða2 þ y þ bbzÞ

a2c
a2 þ y1

�
� yh

�
z:
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Let c ¼ ðða2 þ y1Þ=a2Þyh
1 . Then

III6
m2ðy � y1Þ
a2 þ y þ bbz

ðyh
1 � yhÞz

and, consequently, III6 0 and III ¼ 0 if and only if z ¼ 0. We conclude that
_VV 6 0 on �XX and _VV ¼ 0 if and only if x ¼ x1 and z ¼ 0: Since E1 is the maximal
invariant set on the x–y plane, E1 is a global attractor for system (2.2) and thus
for system (2.1). �

Observe that R1 can be viewed as the basic reproductive number of the
predator when the prey is stabilized at y1. If R1 < 1, then the prey population
cannot support the predator and the predator becomes extinct even under the
circumstance that the predator can feed itself through its own population. On
the other hand, intratrophic predation of the top predator has no effect on the
dynamics of the system as the predator cannot persist and thus it has no in-
fluence on the lower trophic level.

When R0, R1 > 1, the prey population is able to sustain the predator. This is
the only situation in which the predator can survive. We now review some basic
concepts of persistence [4,9]. A population pðtÞ is said to be strongly persistent if
pð0Þ > 0 and lim inf t!1 pðtÞ > 0. pðtÞ is said to be uniformly persistent if there
exists � > 0 such that if pð0Þ > 0 then lim inf t!1 pðtÞP �. A system is said to be
strongly persistent (uniformly persistent) if each component population is
strongly persistent (uniformly persistent).

Notice that when R0, R1 > 1, then E0 and E1 are both unstable. It can be
easily shown that E1 is asymptotically stable on the x–y plane by using the
Dulac criterion. Moreover, E1 is unstable in the positive direction orthogonal
to the x–y plane. On the other hand, if yð0Þ ¼ 0; then the solution has x-limit
set fE0g. Therefore, system (2.1) is strongly persistent by [4, Theorem 2.1].
Furthermore, since every solution of (2.1) satisfies lim supt!1 xðtÞ þ yðtÞþ
zðtÞ6 kx0=k̂k, system (2.1) is indeed uniformly persistent by [9, Theorem 4.5].

We summarize our discussion into the following theorem.

Theorem 2.4. Let R0, R1 > 1. System (2.1) is uniformly persistent for any b,
06 b6 1.

Although Theorem 2.4 tells us that both populations persist in the face of
intratrophic predation if the basic reproductive numbers of prey and predator
are both greater than 1, it does not provide us any detailed information on the
existence or magnitude of the positive steady states. We next examine the effect
of intratrophic predation on the existence, magnitude and local stability of the
positive equilibrium when R0, R1 > 1.
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For the case when b ¼ 0, system (2.1) becomes

_xx ¼ kðx0 � xÞ � m1xy
a1 þ x

;

_yy ¼ am1xy
a1 þ x

� m2yz
a2 þ y

� cy; ð2:3Þ

_zz ¼ bm2yz
a2 þ y

� dz;

xð0Þ; yð0Þ; zð0ÞP 0:

This is a chemostat predator–prey model with different death rate and thus the
chemostat conservation principal does not apply to this particular model.
However, a simple calculation shows that �yy ¼ a2d=ðbm2 � dÞ > 0 is feasible as
R1 > 1 and �xx always exists where �xx satisfies kðx0 � xÞ ¼ m1x=ða1 þ xÞ�yy. Conse-
quently,

z ¼ a2 þ y
m2

am1x
a1 þ x

�
� c

�
> 0 if x > x1:

Fig. 1. Plot of trajectories of system (2.1) using a ¼ 0:1;b ¼ 0:1; c ¼ 0:2 and b ¼ 0. Solutions

converge to E0 ¼ ð10; 0; 0Þ.
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The inequality x > x1 follows from an observation that y < y1 as R1 > 1.
Therefore, we conclude that when R0, R1 > 1, a positive steady state
E2 ¼ ðx; y; zÞ always exists for system (2.1) when b ¼ 0 and in this case the
positive steady state is unique with y < y1.

When 0 < b6 1, the x-isocline

y ¼ kðx0 � xÞða1 þ xÞ
m1x

:¼ hðxÞ

satisfies limx!0þ hðxÞ ¼ 1, hðx0Þ ¼ 0, limx!1 hðxÞ ¼ �1 and h0ðxÞ < 0 for
xP 0. By using this equality, the nontrivial z-isocline can be expressed as

z ¼ ðbm2 � dÞhðxÞ � da2
bðm2 � bm2 þ dÞ :¼ gðxÞ;

Fig. 2. Plot of trajectories of system (2.1) using a ¼ 0:1; b ¼ 0:1; c ¼ 0:2 and b ¼ 0:5. Solutions
converge to E0 ¼ ð10; 0; 0Þ.
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where m2 � bm2 þ d > 0. Thus g0ðxÞ < 0 for xP 0 and limx!0þ gðxÞ ¼ 1. Note
that since R1 > 1, then hðxÞ ¼ y > 0, where E2 ¼ ðx; y; zÞ is the positive steady
state of (2.1) when b ¼ 0. Therefore gðxÞ ¼ 0 where x > x1.

Similarly, the nontrivial y-isocline satisfies

z ¼ am1x
a1 þ x

�

� c

�
ða2 þ hðxÞÞ

��
m2



þ bc � bam1x

a1 þ x

�
:¼ f ðxÞ;

where limx!0þ f ðxÞ ¼ �1 and f ðx1Þ ¼ 0. Clearly, f ðxÞ < 0 for 0 < x < x1. Let
x� denote the solution of m2 þ bc ¼ bam1x=ða1 þ xÞ. If x� > x0, then f ðxÞ > 0 for
x1 < x < x0 and there exists at least one xb > 0 satisfying f ðxÞ ¼ gðxÞ. Conse-
quently, yb > 0; zb > 0 exist. Therefore a positive steady state Eb

2 ¼ ðxb; yb; zbÞ
exists with xb < x. However, a positive steady state may not be unique. A similar
argument can be applied to the case when x� < x0. We conclude that when R0,
R1 > 1, a positive steady state Eb

2 ¼ ðxb; ybzbÞ exists for system (2.1) for
0 < b6 1. Unlike the case when b ¼ 0, there are several positive steady states

Fig. 3. Plot the trajectories of system (2.1) using a ¼ 0:1; b ¼ 0:1; c ¼ 0:2 and b ¼ 1. Solutions

converge to E0 ¼ ð10; 0; 0Þ:
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possible when 0 < b6 1. However, it is straightforward to see that xb < x and
yb > y. The preceding discussion can be summarized into the following.

Theorem 2.5. Let R0, R1 > 1. The following are true.

1. A unique positive steady state E2 ¼ ðx; y; zÞ exists for system (2.1) when b ¼ 0.
2. At least one positive steady state Eb

2 ¼ ðxb; yb; zbÞ exists for system (2.1) when
0 < b6 1.

3. E2 and Eb
2 satisfy xb < x and yb > y.

By assuming that intratrophic predation is sufficiently small, i.e., b � 1,
Pitchford and Brindley [6] applied an asymptotic method and showed that
intratrophic predation always increases the prey’s density for the coexisting
equilibrium. Our result of Theorem 2.5 also gives the same conclusion. In
particular, we showed that in this three trophic levels system, intratrophic

Fig. 4. Plot of trajectories of system (2.1) using a ¼ 0:5;b ¼ 0:1; c ¼ 0:2 and b ¼ 0. Solutions

converge to E1 ¼ ð1; 11:25; 0Þ.
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predation always increases the magnitude of the prey population of coexisting
equilibrium. As a result, intratrophic predation also lowers the nutrient con-
centration for the coexisting equilibrium as there is a larger prey population
present. However, the assumption of b � 1 in [6] is not necessary for this
particular system.

Numerical simulation in the next section illustrates that when E2 is unstable,
Eb
2 is locally asymptotically stable if b is large. Therefore, intratrophic predation

does change the local stability of coexisting equilibrium and consequently has the
effect of stabilizing the system. This result agrees with the finding obtained in [6].

3. Numerical simulations

In this section, we use numerical tools to study system (2.1). In particular,
Theorems 2.2–2.4 and 2.5 will be illustrated numerically. We use parameters

Fig. 5. Plot of trajectories of system (2.1) with a ¼ 0:5; b ¼ 0:1; c ¼ 0:2 and b ¼ 0:5. Solutions

converge to E1 ¼ ð1; 11:25; 0Þ.
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a1 ¼ 1, a2 ¼ 1, d ¼ 0:35, k ¼ 0:5, m1 ¼ 0:8, m2 ¼ 0:8 and x0 ¼ 10 for all sim-
ulations.

If a ¼ 0:1, b ¼ 0:1 and c ¼ 0:2, then R0 ¼ am1x0=cða1 þ x0Þ ¼ 0:36 < 1.
Thus, according to Theorem 2.2, solutions of system (2.1) converge to steady
state E0 ¼ ð10; 0; 0Þ independent of b. Figs. 1–3 illustrate this result for b ¼ 0,
b ¼ 0:5 and b ¼ 1, respectively.

If a ¼ 0:5, b ¼ 0:1 and c ¼ 0:2, then R0 ¼ 1:8 > 1. Thus steady state
E1 ¼ ðx1; y1; 0Þ ¼ ð1; 11:25; 0Þ exists and R1 ¼ bm2y1=dða2 þ y1Þ ¼ 0:21 < 1. It
follows from Theorem 2.3 that solutions of system (2.1) converge to
E1 ¼ ð1; 11:25; 0Þ independent of b. Figs. 4–6 demonstrate this result for b ¼ 0,
b ¼ 0:5 and b ¼ 1, respectively.

If a ¼ 0:5, b ¼ 0:5 and c ¼ 0:1, then R0 ¼ 3:6 > 1 and E1 ¼ ð0:3333;
24:1667; 0Þ exists. Moreover, R1 ¼ 1:097 > 1 and a unique positive steady state
E2 ¼ ð2:2481; 7; 1:7685Þ exists when b ¼ 0. Fig. 7 reveals a periodic solution for
these parameter values.

Fig. 6. Plot of trajectories of system (2.1) using a ¼ 0:5;b ¼ 0:1; c ¼ 0:2 and b ¼ 1. Solutions

converge to E1 ¼ ð1; 11:25; 0Þ.
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Using the above parameters with the exception of b ¼ 0:125, Fig. 8 plots
functions f and g defined in Section 2. The figure demonstrates that there exists
a unique positive solution �xxb ¼ 1:192 and consequently there exists a unique
positive steady state Eb

2 ¼ ð1:192; 10:121; 1:66Þ for system (2.1) Other steady
states are E0 ¼ ð10; 0; 0Þ and E1 ¼ ð0:333; 24:1667; 0Þ. If we use b ¼ 0:5, then Eb

2

becomes Eb
2 ¼ ð0:6175; 15:3598; 1:11465Þ and trajectories in Fig. 9 clearly

converge to this positive steady state Eb
2.

We now use c as our bifurcation parameter. We calculate numerically the
critical value c0 for which the Jacobian matrix J at Eb

2 has eigenvalue of
zero real part when c ¼ c0. Moreover, numerical simulation also demon-
strates that Eb

2 is locally asymptotically stable if c > c0 and is unstable if
c < c0. Fig. 10 plots the bifurcation diagram. It is clear from this diagram
that intratrophic predation can stabilize the system even when b > 0 is very
small.

Fig. 7. Plot of trajectories of system (2.1) using a ¼ 0:5; b ¼ 0:5; c ¼ 0:1 and b ¼ 0. There are three

equilibria E0 ¼ ð10; 0; 0Þ; E1 ¼ ð0:3333; 24:1667; 0Þ and E2 ¼ ð2:2481; 7; 1:7685Þ. The plot clearly

reveals the existence of a periodic solution.
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4. Discussion

A nutrient–prey–predator model with intratrophic predation of the top
predator is introduced in this paper. Our modeling methology of intratrophic
predation is similar to that considered by Kohlmeier and Ebenhoh [5] and by
Pitchford and Bridley [6]. We use a parameter b; 06 b6 1 to specify the in-
tensity of intratrophic predation. The motivation for this three trophic level
food chain is based on the study given by Kohlmeier and Ebenhoh [5], in which
North Sea benthic ecosystem was considered. Our model treated here can be
regarded as a nutrient–phytoplankton–zooplankton system for which several
zooplankton species are lumped into a single population and some of the
zooplankton species may feed on other zooplankton species. Furthermore,
system (2.1) can be viewed as a chemostat predator–prey system with different
death rate when b ¼ 0. Therefore, our results obtained here for b ¼ 0 also
apply to this particular chemostat model.

Fig. 8. Graphs of f and g demonstrate that there exists a unique positive solution �xxb using

a ¼ 0:5; b ¼ 0:5; c ¼ 0:1 and b ¼ 0:125.
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The dynamics of this simple food chain depend on the thresholds R0 and R1.
The threshold R0 can be regarded as the basic reproductive number of the prey.
If R0 < 1, there exists a unique steady state E0 ¼ ðx0; 0; 0Þ for the system and all
solutions converge to E0, where x0 is the constant input nutrient concentration.
We immediately conclude that intratrophic predation has no influence on the
dynamics of the system. This phenomenon is due to the extinction of the prey.
Since the nutrient concentration cannot sustain the prey population, the pre-
dator population also becomes extinct and consequently intratrophic predation
of the predator has no impact on the system.

If threshold R0 > 1, then the system has two steady states E0 ¼ ðx0; 0; 0Þ and
E1 ¼ ðx1; y1; 0Þ. We can define another threshold R1, where R1 can be viewed as
the basic reproductive number of the predator when the prey population is
stabilized at y1. If R1 < 1, then the prey population cannot sustain the predator
and the predator becomes extinct independent of b. Therefore solutions with
positive initial prey population all converge to E1 and intratrophic predation

Fig. 9. Plot of trajectories of system (2.1) using a ¼ 0:5; b ¼ 0:5; c ¼ 0:1 and b ¼ 0:5. Solutions

converge to Eb
2 ¼ ð0:6175; 15:3598; 1:11465Þ.
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has no influence on the dynamics of the system. This is due to the extinction of
the predator.

The more interesting case is when R0, R1 > 1. This is the case when both prey
and predator population can persist. It is easily shown that the system has
a unique positive steady state E2 ¼ ð�xx; �yy;�zzÞ when b ¼ 0 and if 0 < bP 1 it is
shown that the system has at least one positive equilibrium Eb

2 ¼ ð�xxb; �yyb;�zzbÞ with
�xxb < �xx and �yyb > �yy. Therefore, intratrophic predation yields higher prey density
of coexisting equilibrium. Numerical simulation provides a periodic solution
for certain parameter values when b ¼ 0. For the same parameters with
b ¼ 0:5, the model has a unique positive steady state Eb

2 ¼ ð�xxb; �yyb;�zzbÞ and Eb
2 is

locally asymptotically stable with �yyb > �yy and �xxb < �xx. From here we can con-
clude that intatrophic predation can stabilize the system, yield higher prey
population and hence lower the nutrient concentration of coexisting equilib-
rium.

Fig. 10. Bifurcation diagram of critical value c0 as a function of intratrophic predation parameter,

b, for system (2.1). It is clear from this diagram that the range of local stability of the coexisting

equilibrium can be significantly increased as b increases.
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We then use c, the per capita mortality rate of the prey, as our bifurcation
parameter. We calculate numerically the critical value c0 so that the positive
steady state Eb

2 is nonhyperbolic when c ¼ c0. The bifurcation diagram given in
Fig. 10 clearly demonstrates that intratrophic predation has the stabilization
effect even when the intensity b > 0 is small.

Our study of intratrophic predation in this three trophic level food chain
shows that intratrophic predation has the effect on the system only if the basic
reproductive number of the top predator is greater than 1. Under these cir-
cumstances, intratrophic predation may yield multiple coexisting equilibria and
stabilize the system when such an equilibrium is unique. That is, intratrophic
predation can change the stability of the coexisting equilibrium, and it has the
effect of elevating the prey population of the coexisting equilibria. Conse-
quently, the mechanism of intratrophic predation also decreases the nutrient
concentration of the coexisting equilibria.

References

[1] C.-H. Chiu, S.-B. Hsu, Extinction of top-predator in a three-level food-chain model, J. Math.

Biol. 37 (1998) 372–380.

[2] J.M. Cushing, A simple model of cannibalism, Math. Biosci. 107 (1991) 47–71.

[3] A.M. Edwards, J. Brindley, Oscillatory behavior in a three-component plankton population

model, Dyn. Stability Syst. 11 (1996) 347–370.

[4] H.I. Freedman, P. Waltman, Persistence in models of three interacting predator–prey

populations, Math. Biosci. 68 (1984) 213–231.

[5] C. Kohlmeier, W. Ebenhoh, The stabilizing role of cannibalism in a predator–prey system,

Bull. Math. Biol. 57 (1995) 401–411.

[6] J. Pitchford, J. Brindley, Intratrophic predation in simple predator–prey models, Bull. Math.

Biol. 60 (1998) 937–953.

[7] G.A. Polis, The evoluation and dynamics of intratrophic predation, Ann. Rev. Ecol. Syst. 12

(1981) 225–251.

[8] J.H. Steele, E.W. Henderson, The role of predation in plankton models, J. Plankton Res. 14

(1992) 157–172.

[9] H.R. Thieme, Persistence under relaxed point-dissipativity, SIAM Math. Anal. 24 (1993)

407–435.

[10] F. van den Bosch, A.M. de Roos, W. Gabriel, Cannibalism as a life boat mechanism, J. Math.

Biol. 26 (1988) 619–633.

536 S.R.-J. Jang, J. Baglama / Appl. Math. Comput. 129 (2002) 517–536


