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Abstract

A simple food chain which consistsof nutrient, prey and predator in
which nutrient is growth limiting at low concettrations but growth inhibit-
ing at high concetrations is investigatedin this study. It is assumedthat
the nutrient concerttration is separatedinto internal and external nutrient
concemation and only the internal nutrient level is capableof catalyzing cell
growth. It is shovn that the dynamicsof the systemdepend on thresholdsR g
and R;. With inhibition, there existinitial conditions for which the predator
becomesextinct but not the prey whenRg < 1. If Rg; R; > 1, the systemis
uniformly persistert evenin the inhibited ernvironment.

Keywords: cell-quota;inhibition; threshold; uniform persistence

1 Intro duction

Se\eral nutrients sud as nitrate, nitrite and ammonia limit growth of mi-
croorganismsat low concetrations and are inhibitory or even toxic at high
concertrations [1, 2, 3, 4]. This inhibitory medanism of substrateshas a
profound impact on the living organism. It is the purpose of this work
to investigate the inhibition upon the dynamics of a nutrient-prey-predator
model.

In most ecologicalmodels, it is assumedthat the consumptionrate of a
resourceis a function of resourceavailability and the yield of the organismis
constartly proportional to the amourt consumed.Sud a model is sometimes
referredto asa constant-yield model. Howeer, it hasbeenobsened in both
laboratory and eld studiesthat algal populations could survive for seral
weeksafter external resenes of nutrients were depleted. This is a result of
luxury consumptionof nutrients, rst described by Ketchum [5]. The ability



of algaeto store nutrient in excessof their requiremens indicates that the
growth rate of algae may not respond at onceto a changein the external
concertration of nutrients.

The Droop model, also called the variable-yield model, e ectively de-
couplesspeci ¢ growth rate of the organismfrom external nutrient concen-
tration by introducing an intracellular store of nutrient, providing a good
t for microorganism growth [6]. Howewer, unlike the classical constan-
yield models, the global dynamics of the variable-yield models were not
well understood until recerly. Langeand Oyarzum [7, 8] provided a global
analysis for a variable-yield chemostat model with a single speciesof mi-
croorganism. Smith and Waltman [9, 10] studied two speciesof microor-
ganism competing for a single limiting nutrient in a chemostat, where they
showved that the competitive exclusionprincipal remains valid. Smith [11]
also studied a periodically forced Droop model with a single speciesof or-
ganismin a chemostat. Jang [12] examinedse\eral variable-yield nutrient-
phytoplankton-zooplankton models.

Certain nutrients aregrowth limiting at low conceirations but growth in-
hibiting or eventoxic at high concertrations; nitrate is oneexample. Kumar
et al. [3] include an additional factor exp( cNO3) in the uptake rate to de-
note this inhibition by nitrate. Other substratessud asnitrite and ammonia
are alsoknown to be inhibitory to somebacteria at high concenrations [2].
In addition, industrial waste products sud as phenolsand thiocyanatesare
ofteninhibitory to the bacteriametabolizingthem [1, 13]. Se\eralresearbers
usea nonmonotoneuptake rate to model this inhibition.

Chemostat systemswith nonmonotone uptake rates consisting of two
trophic lewvels, a substrate and n competing species,have been studied by
Butler and Wolkowicz [14] and Wolkowicz and Lui [15]. Jang and Allen [16]
examineda simple food chain of three trophic levels with nonmonotoneup-
take rate for the prey. Other studiesinclude Aris and Humphrey [17], Boon
and Laudelout [18] and Bush and Cook [13]. In thesestudies, they assumed
that the yield of the microorganismis constartly proportional to the external
nutrient consumed,i.e., they consideredconstan-yield models.

Our simplefood chain studied hereconsistsof a nutrient, prey and preda-
tor, where prey feedson the nutrient and predator feedson the prey. More-
over, we separatenutrient concettrations into external and internal nutrient
level and only the internal nutrient can catalyzecell growth. That is, we use
the Droop equation for prey to study the interplay between nutrient, prey
and predator. In this model, both prey and predator are modelledin terms of
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their nutrient cortent and it is assumedhat there is no net nutrient lossdue
to death or due to nutrient corversion. Under theseassumptions,the total
nutrient content is constart for all time and sothe systemis closed. Further-
more, it is alsoassumedhat the nutrient limits growth at low concetrations
but inhibits growth at high concertrations. We usea nonmonotoneuptake
rate for the prey to model this inhibition.

It hasbeenshown in [12] that if there is no inhibition, the dynamics of
the model are very similar to that of classicalepidemicmodels[19]. Particu-
larly, there exist two thresholdsRy and R; sud that the systemis uniformly
persistert if Rp and Ry > 1. Our focusin this study will be on the inhibitory
medanism. In particular, it is shavn that if Rg < 1, there exists a thresh-
old initial prey density for the nutrient-prey model for which the prey can
survive in a steady state fashionif the initial population density is above the
threshold. On the other hand, if the initial prey population is too small, the
population becomesextinct. Thus the inhibition of nutrient has an inverse
density dependencee ect on the prey population. It requiresthe prey pop-
ulation to detoxify its ervironment by consumingenoughnutrient so asto
lower nutrient concettration. Therefore,if its initial population is not su -
ciertly large,the prey hasno ability to detoxify its habitat and consequetly
the population becomesextinct. The sameconclusionis also valid for the
nutrient-prey-predator model. If Ry > 1, we can de ne one more thresh-
old R;. If Ry > 1, then the variable-yield nutrient-prey-predator systemis
uniformly persistent evenin the inhibited environmernt.

In the following section, a variable-yield nutrient-prey model is derived
and analyzed. Section 3 studies a variable-yield simple food chain. Specif-
ically, we usea Lotka-Volterra functional responseas the predator's uptake
rate. Section4 providesa numerical exampleand computer simulations. The
conclusionis givenin the nal section.

2 A nutrien t-prey model

In this section,we adopt internal nutrient storageby prey to study the dy-
namics of a nutrient-prey model with inhibition. We use a nonmonotone
uptake function to model nutrient inhibition. The model derivation hereis
parallel to that of monotoneuptake in [12].

Unlike the classicalconstart-yield model, the speci ¢ growth rate of the
prey dependson a quartity, Q(t), called the \cell quota”, introduced by



Droop [20, 21], which canbe viewed asthe averageamourt of stored nutrient
in ead cell of the prey at time t. The uptake rate of prey is assumedto
depend on both the external and the internal nutrient concertrations.

Let N(t) be the free nutrient at time t and P (t), the concenration (or
number of cells)of prey at time t. Then P (t)Q(t) is the total amourt of stored
nutrient at time t. Let u(Q) and (N; Q) be the per-capita growth rate and
the per-capita uptake rate of prey respectively. Motivated by the examples
of functionsu and in the literature [9, 10, 20, 21, 22, 23, 24, 25, 26, 27]and
taking into accourt of inhibition, we make the following assumptions:

(H1) there exists Qg > 0 sud that u(Qy) = 0; uYQ) > 0 and u®is
cortinuousfor Q Q.

(H2) 2 CYN;Q)for N 0, Q Qo (0;Q) = 0for Q  Qo;
(N;Q) Oand % OforN 0; Q Qoq. ThereexistsNy > 0 sud that
%>Ofor0 N < Ng; Q Qoand%<0forN>No,Q Qo.

We shall refer to the nutrient concetration Ny de ned in (H2) asthe
toxic level. It is the level at which the nutrient becomesgrowth inhibiting.

Let be the death rate of prey. Sincethe prey is modeledin terms of
nutrient level and we assumethat there is no nutrient lossto the system
due to death, the interplay between nutrient and prey is described by the
following ordinary di erential equations:

P (N;Q+ PQ (2.1)
Pu@ I

et P (t) be the total amourt of free and stored nutrient at time t, i.e.,

(t) = N(t) + P(1)Q(t). Sinceit is aésumedthat the systemis closed,
the total nutrient is thus constart, i.e., —(t) = Ofort 0. This implies
that PQ= P[ (N;Q) u(Q)Q] and consequetty Q= (N;Q) u(Q)Q if
P(t) 6 Oforallt 0. Therefore,we have derived a variable-yield nutrient-
prey model

N-
P

N = P (N;Q+ PQ
R = Pu@Q 1 (2.2)
Q = (N;Q u@QQ:



. . . P
As the total nutrient is constan, i.e., (t)= Nt forallt O, system(2.2)
is equivalert to the following two-dimensionalsystem

P = Pu@Q ] (2.3)
Q= (Nr PQQ u@QQ:

Equation for P_in (2.1) impliesthat P(t) = P(0) exp(ROt[u(Q( )) ]Jd)and

thusP(t) > Oforallt Oif P(0) > 0. Note that whenP = 0, there is no

biologically meaningful equation for Q. Howeer, the equation for Q makes

mathematical senseevenif P = 0 asP = 0 and Q = & whered satis es
(NT;Q) = u(Q)Q, resulting in a biological equilibrium.

Let F = f(P;Q) 2 R2 : PQ Nt; Q Qgg. It is straightforward
to showv that F is positively invariant for (2.3) and that system (2.3) is
dissipative. Moreover, steadystate Eq = (0; Q) always existswith O de ned
as above. Supposeu(Q) = hasa solution Q; and consider

(Nt PQu;Q1) = Qu (2.4)

If Nt Ng, then the left hand sideof (2.4) is strictly decreasingand thus
(2.3) has a positive steady state Eq; = (P1;Q,) if and only if (Nt;Q) >
Q1. In which case,the positive steady state is unique. If Nt > Ny, obsene
Nt

N .
% andis
1

that the left hand side of (2.4) is strictly decreasingf P >

strictly increasingif 0 P < w Thusif Qi< (Nt;Q4), then (2.3)
has a unique positive steady statelEll = (P1;Q1), whereNt  P;Q: < No.
Howewer, if (N1;Q;) < Qi< (No;Q1), thensystem(2.3) hastwo positive
Steady stateskEq; = (P]_,Q]_) and E;, = (PZ;Q]_), where N+ P,Q: > No.
On the other hand, if Q; > (Ng;Q1), then system(2.3) has no positive
steady state.

In order to discussthe global dynamicsof (2.3), the following obsenation
is useful.

Prop osition 2.1 ThereexistsQ; > Qg suchthatu(Q;) = and (Nt;Qq) >
Q, if and only if u(®) >

Proof. To shav necessiy, suppose u(Q) . Then @ Q; and thus
(NT:9)  (N1:Q1) > Q1 u(9)Q, a cortradiction. Henceu(Q) >

Conversely if u(®) > , then u(Q) = hasa solution Q;. Furthermore,
(N1;Q1)  (N1; Q) =u(@)Q> Q> Q.. L]
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A simple calculation shows that the Jacobianmatrix of (2.3) is given by

u(Q) PutQ) :
Q@=@ PE@=@+@=@ u(Q uiQQ

where @=@ and @=@ are evaluatedat (Nt PQ;Q).
Let Q satisfy (Ng;Q) = u(Q)Q. Note that Q is always well-de ned.
If u(®) < , then it follows from Proposition 2.1that (N7;Q;) < Q if
Q; exists. Thereforeif u(Q) < and Q; exists, we have either (Nt;Q;) <
(Nog;Q1) < Qi or (Nt;Q1) < Q1< (Ng;Q1). The global dynamics of
(2.3) is giveniin the following theorem.

Theorem 2.2 The dynamicsof (2.3) can be summarizel as the following.
(1) Let Nt Np. In addition if

(@) u(®) < , then E, is the only steady state and every solution of
(2.3) convemgesto Ey.

(b) u(®Q) > , then Eg; Eq; both exist and every solution of (2.3) with
P (0) > 0 convemesto E ;.

(2) LetNt > Ng andu(®) > . Then steady statesEo; E;; both exist and
every solution of (2.3) with P(0) > 0 convegesto E ;.

(3) Let Nt > Ng and u(Q) <

(@) If Q. deesnot exist, then Eq is the only steady state and every
solution convegesto Ey.

(b) If Q; existsand (N7;Q1) < (Ng; Q1) < Qa, thenEjy is the only
steady state and every solution convegesto E,.

(c) If Q1 existsand (N1;Q1) < Qi < (Ng;Q1), then there are
two positive steady statesE;; = (Pi;Q1); 1 i 2. The stable
manifold of E;, se@rates F into two disjoint subsetsF; and F,
suchthat Eg is a glolal attractor in F; and E; is a glolal attractor
in F,.

Proof. (1) This casehas been previously studied in [9, 10. Since (2.3)
is a dissipative planar system, the proof is straightforward. Note that E;
existsif and only if u(Q) > by Proposition 2.1 and as @=@ + @=@ =
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PO=@ + @=@ u{Q)Q < 0for (P;Q) 2 F, it follows from the
Dulac criterion that there is no periodic solution in F if u(Q) > . This
completesthe proof of (1)

(2) If Nt > Ng andu(®) > ,then (N1;Q:)> Q; by Proposition 2.1
and thus there existsa unique positive steadystate E;; = (P1;Q1). Dene a
subset of F by =f(P;Q 2F :Q< Q ;Nt PQ< Ngg. Obsene that
Q< Q<Q andEy 2 .

Furthermore, as Qjo-0- = (Nt PQ;Q) u(Q)Q (Nog; Q)
u(Q)Q = Oforall P 0and (PQ)jro=Ns Noo+ = P[ Q+ (N7
PQ;Q)lirq=nNs Noe<q » = P[ (No;Q)  Qlipo=ns Noig<q + > P[ (No; Q)

Q lipo=nyr No<a+ = PU(Q)Q  Q lipg=ns nojosq - > O, solutions of
(2.3) with P(0) > O erter in nite time and remain there for all future
time. Consequetly, as @=@ + @=@ < 0 for (P;Q) 2 , the Dulac
criterion implies that there is no periodic solution in . We concludethat
E1, is a global attractor in F n Q-axis.

(3) (a) If Q; doesnot exist, then Eg is the only steady state. Since(2.3)
is dissipative, it follows from the Poincare-BendixsonTheoremthat Eg is a
global attractor.

(b) In this case (Nt PQ1; Q1) (Ng; Q1) < Qqforall P 0,there
is no positive steady state and thus Ej is a global attractor for (2.3).

(c) Notice that both positive steady states E;; = (P1; Q1) and Eq, =
(P2; Qq) exist. Also Eg and E;; are local attractors and E, is a saddle
point. The stable manifold of E;, separatesF into two disjoint subsetsF;
and F, sud that Eq 2 F; and E1; 2 F,. Sincethere is no positive steady
state in Fy, Eg is a global attractor in F;. In the following we show that Eq;
is a global attractor in F».

Let Q be dened as above. Clearly, Q > &. If Q Q., then

(Nt PiQu;Q1) = u(@Q)Q:  u@Q)Q = (Np;Q) (No; Q1) >
(Nt P;Q:;Q1), acortradiction. ThusQ< Q;< Q. Let ;= f(P;Q) 2
F2: Q< Q;PQ> Nt Nog. Then E;; 2 ;. Obsene that Qo-q- =
(Nt PQ;Q) u@)Q OforallP 0and(PQ)jro=Ns NoQ<Q~ =
P[ (No;Q  Qliro=ns No<a > P[ (NoiQ)  Q lipo=ns Noeg+ > O.
Any solution of (2.3) with initial condition in F, erters ; in nite time
and remainsthere for all future time. Furthermore, the Dulac criterion can
be applied to shav that there is no periodic solution in ;. Therefore, any
solution of (2.3) with initial condition in F, corvergesto E;. ]



u(Q

We now de ne athreshold Rp = —=. If Rg > 1, then with or without

inhibition, the prey population cansurvive. If Rg < 1 andwithout inhibition,
the prey population becomesextinct. Howeer, with inhibition and Rg < 1,
it wasshown in (3)(c) of Theorem2.2that there exist initial populations for
which the prey can stabilize in a positive equilibrium fashion.

The result of Theorem 2.2 (3)(c) is very interesting. In addition to the
stable boundary equilibrium Eo, = (0;Q), there are two interior equilibria
Ey = (Pi;Q1), i = 1;2. Equilibrium Ej; is always locally asymptotically

stable with Nt P;Q; < Ng and Q(NT P1Q1;Q1) > 0. Therefore,
the nutrient stimulates uptake at E;;. On the other hand, equilibrium E1»

is always unstable with Nt P,Q; > N; and Q(NT P2Q1;Q1) < O.

Thus the nutrient inhibits uptake at E;,. The stable manifold of E, (asis
illustrated in Figure 2) becomeghe threshold initial density for population
persistence. The prey can survive in a steady state fashion if the initial
population density is above the threshold. Otherwise, the prey population
is too small to detoxify its environment and consequetly becomesextinct.
The inhibition of nutrient thus hasan inversedensity dependen e ect onthe
prey population and the persistencethreshold is no longer a single number.
This complicatedthreshold behavior is due to the physiologicaladjustmerts
of cell quota and uptake rate which are madein the variable-yield model.

In the following, we illustrate this particular medanism. Figure 1 pro-
videsthe graphsof (N;Q) asa function of N for di erent valuesof Q when
Q=0Qy,Q=0,0=0Q;andQ = Q . The vertical linesN = Ng;N = Nt
and the horizontal line y = Q; are also drawn to idertify three possible
equilibria Eg, E11 and E1,. At Eq,, the physiological adjustment for equi-
librium occursin an inhibited inversedensity dependent population, sothat
E1, isunstable. At E 4, the physiologicaladjustmert takesplacein a density
dependert population, which makesE 1, stable. Therefore,if the initial popu-
lation is too smallto detoxify its habitat, the population approatesE ;,, but
is unable to completeits adjustmert and is thus tends toward E, = (0; Q).
As u(Q) < , the prey population is doomedto extinction.



3 A nutrien t-prey-predator model

In this section we study the dynamics of a variable-yield nutrient-prey-
predator model with inhibition. We assumethat the predator's uptake rate
is modelled by a Lotka-Volterra functional response. Let b be the maximal
predator ingestionrate, d the predator net nutrient corversionrate and the
predator death rate. Clearly, d b. The model derivation hereis parallel to
that of the monotonecasein [12]. We assumehat the ecosystemis closed.In
particular, the prey which is removed through predator's predation becomes
either a part of the available external nutrient or predator's biomass. The
interplay betweenexternal nutrient, prey and predator can be described by
the following ordinary di erential equations

N = P (N;Q+ PQ+ Z+ (b dPQZ
R = PuQ@ ] bpPz (3.2)
Z = Z(dPQ ):

As the systemis closed,i.e., P(t)Q(t) + Z(t) + N(t) = Nt forallt O,
we can derive an equationfor the cellquotaQ= (N;Q) u(Q)Q aswe did
in section2. Consequetly, the four dimensionalsystemis equivalert to the
following three dimensionalsystem

P = P[u@Q) bZ]
Q= (Nt PQ Z;Q u@QQ (3.2)
Z = Z(dPQ )

In addition to (H2), we make the following technical assumption:

(H3) (Nt =d;Qo) < Qo if Nt > =d.

Let f(P;Q;Z) 2 R2 : Q QupPQ+Z NrgandQ satisfy
(No; Q) u(Q)Q. Then s positively invariant for (3.2) and in fact
"= f(P;Q;Z) 2 P %;Z Nt;Q Q g is a compact global
attractor for system (3.2) if NTO No and K = f(P;Q;Z) 2 - P

N . .
1.z Nt;Q g is a compactglobal attractor for (3.2) if Nt < No.

As predator has no e ect on the boundary steady states, the existence
conditions for steady states Eq = (O;O;O); Eii = (P1;Q;0) and Epp =



(P2; Qq; 0) are the sameas previous section. For the existenceof a positive

steadystate (P; Q; Z), it is necessarythat Nt > =d, where Q must satisfy
u(Q

ne o= 12 o) = woe 33)

Note that (3.3) is always sohable for Q. But since (N;Q) is not monotone

in N, Q may not beunique. Moreover, a positive steadystate E, = (P;Q; Z)

existsif and only if u(Q) > . In which caseP = ) and Z = %
The Jacobianmatrix of (3.2) hasthe following form
0 u(Q) bz Pu{Q) bP
@ Q@=@ PE=@ +@=-@ u(Q uiQQ @=@ A;
dQz dPZ dPQ

where@=@ and @=@ areewaluatedat (Nt PQ Z;Q). In particular,
the Jacobianmatrix at Eg is given by

u(Q) 0 0
@ Qo=@ @=@ u@Q uQQ a=a A;
0 0

1

where @=@ and @=@ are evaluated at (N+; Q) and the Jacobianmatrix
at E4; is given by
0

0 PiuqQy) bR
@ Q@=@ PE=@+@=@ u(Q) ulQ)QA @=@ A;
0 0 dP; Q1
where @=@ and @=@ are evaluatedat (Nt P;Q;Q,) forl i 2.
Consequetly, it is easyto seethat E, is a local attractor if u(Q) < . If

u(®) > , then E, is a saddlepoint with stable manifold lying in the Q-Z-
plane. E; is a local attractor if P1Q; < =d. If P,Q; > =d, then Ey; Is
a saddlepoint which is unstable in the positive direction orthogonal to the
P-Q-plane. Moreover, E1, is always a saddlepoint. The stable manifold of
E 1, is two dimensionalif P,Q; < =d and is onedimensionalif P,Q; > =d.

System(3.2) is saidto be persistentif lim infy; P (t) > O; liminf,; Q(t)
> Qo andliminfy; Z(t) > Ofor any solution (P (t); Q(t); Z(t)) of (3.2) with
P(0) > 0;, Q) > QyandZ(0) > 0. (3.2) is saidto be uniformly persistentif
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there exists& > 0 sud that for any solution of (3.2) with P(0) > 0; Q(0) >
Qo and Z(0) > O we have liminfy; P(t)  &; liminfy;  Q(t) a4 and
liminfy, Z(t) A

If Nt Np, thensince@=@ > 0for0 N < Nt; Q Qqo, thereis
no inhibition e ect. The dynamicsof (3.2) is given by the following theorem
which is cited from [12 Theorem2.3, 2.4 and 2.5].

Theorem 3.1 If Nt Ng, then the dynamicsof (3.2) can be summarizel
as the following.

1) If u(®) < , then Eq = (0;Q;0) is the only steady state and it is a
glolal attractor for (3.2).

2) If u(®) > ,thenEqy= (0;);0) and E1; = (Py; Qy; 0) both exist. If in
addition P;Q; < =d, then there is no positive steady state and every
solution of (3.2) with P(0) > 0 convelgesto Eq;. If P1Q; > =d, then
there exists a unique positive steady state which is a local attractor.
Moreover, system(3.2) is uniformly persistent.

If Nt > Ny, we separateour discussioninto u(9) > andu(Q) < . We
rst discussthe casewhen u(Q) >

Theorem 3.2 If Nt > Ng and u(®) > , thenEo = (0;9);0) and Ey; =
(P1; Q1; 0) both exist.

(1) If P,Q: < =d, thenthere is no positive steady state and every solution
of (3.2) with P(0) > 0 convemlgesto E ;.

(2) If P1Q: > =d, then system(3.2) is uniformly persistent.

Proof. It follows from Proposition 2.1 that Q; existsand (N1;Q;) > Q.
Thus E1; = (P1;Qq;0) is the only steady state on the positive P-Q plane,
whereNt P;Q; < No. Moreover, sinceu(Q) > |, Eg is asaddlepoint with
stable manifold lying in the positive Q-Z plane.

(1) If P,Q; < =d, then Ey; is a local attractor. We rst show that
there is no positive steady state. Clearly if Nt =d, then there is no
positive steady state. We assumeNt > =d and let Q satisfy (3.3). If
Q > Ql; then since Nt PlQl < Ng and PlQl < :d, Nt =d < No.

Consequetly, u(Q)Q = (N =d %;Q) (Nt P:1Q1;Q)
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(Nt P1Q1;Q1) = u(Q1)Q1, a cortradiction. We concludethat there is
no positive steady state. On the other hand, sincethe positive P-Q planeis
positively invariant, by using an argumen asin the proof of Theorem 2.2,
it can be shovn that E;; is a global attractor in the positive P-Q plane. It
remainsto shaw that solutionsof (3.2) with P(0) > 0 convergeto Eq;.

Obsenethat if Nt =d,thenZ(t) Ofort Oandthuslimy; Z(t)=
z 0. If z > 0, then sincelimy;  Z(t) = 0, limy;,  P(1)Q(t) = =d, an
immediate cortradiction. Thus limy; Z(t) = 0 and (1) is shavn. Other-
wise,let = = f(P;Q;Z) 2 : P > 0Og and partition ~ into three pairwise
disjoint subsets: 7; = f(P;Q;Z) 2 ~:PQ < =dg, 7, = f(P;Q;Z) 2 ~:
PQ= =dgand 73=f(P;Q;Z) 2 ~:PQ> =dg. If there existsa trajec-
tory which remainsin ~3 for all largetime, then Z(t) 0 for all t large and
thuslimy, Z(t) = z 0. SinceZ (t) is boundedabove, lim; Z(t) = O.
Thusif z > 0, then limy; P(t)Q(t) = =d, i.e., the ! -limit set of suc a
trajectory liesin the setC = f(P;Q;z ) 2 ~: PQ = =dg. We needto shav
that the only nonempty invariant, connectedsubsetin C is a point.

Indeed, let C be an arbitrary invariant, connectedsubsetof C sud that
(P;gz) and (p;e,z ) 2 C. We may assumep < p and thus ¢ > ¢ Hence
any p;gwith p<p<p; §> g> gandpq= =d, (p;g;z ) isalsoin C by
connectednessHowewer, 0 = (PQ)jpo= =dz=-2+ = P[ Q DbQZ+ (Nt
PQ Z;Q)lirg= =az-2-ifandonlyif (Nt =d z;Q)= Q+bQz. This
latter equation hasat most one solution. We concludethat C consistsof at
most one point. Sincethe ! -limit setis nonempty and there is no positive
steadystate, z = 0. But then sud a trajectory would corvergeto E;;. We
thus obtain a cortradiction and concludethat no trajectory remainsin ~3
for all large time.

Suppose a trajectory crosses™, at time ty. Since Nt =d < Nt
PiQi < No; (PQ)(to)) = [P (Nr PQ Z;Q) PQ bPQZ](to)

P[ (Nr PQ Z;Q) QI(to) =P[ (Nr =d Z;Q) QI(to) P[ (Nt

=d; Q) Ql(ty) < Ofor all Q Qg by (H3), sud a trajectory enters ~
and remainsthere for all future time. Consequetly, Z(t) 0 for all t large
and limy; Z(t) = z 0. Similar argumert asin the previous paragraph
can be appliedto shav that z = 0 and henceE,; is a global attractor in ~

(2) To shav uniform persistenceof system(3.2), we apply criterion de-
rived by Thieme [28]. Let X; = f(P;Q;Z)2 :P > 0;Q> Qp;Z > Og and
X, = nXj;. Then X, is open and positively invariant for (3.2). By using
the Jacobian matrix at Eq,; and the fact that P,Q; > =d, E; is unstable
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in the positive direction orthogonalto the P-Q plane. A result of Freedman
and Waltman [29] shaws that system(3.2) is persisten, i.e., X, is a strong
repeller for X, and hencea weak repeller for X ;. Since(3.2) hasa compact
global attractor ™, applying Theorem 4.4 of Thieme [28] and concludethat
X, is a uniform weak repeller for X ;. Proposition 1.2 of Thieme [28] can
then be usedto shaw that X, is a uniform strong repeller for X . Therefore,
we concludethat system(3.2) is uniformly persistert. [ |

We next considerthe casewhen Nt > Ng and u(Q) < . Proposition 2.1
impliesthat (N1;Q1) < Qg if Q; exists. Thereforeif Q; exists,then either

(N7;Q1) < (Nog;Q1) < Qior (N7;Q1) < Qi< (No; Q1) canoccur.

Theorem 3.3 If Nt > Ng and u(Q) < . The dynamics of (3.2) can be
summarize as the following.

(1) If Q; doesnot exist, then Eq is the only steady state and it is a glotal
attractor.

(2) If Qq existsandsuchthat (Nt;Qi1) < (Ng;Q1) < Qa, thenEg is the
only steady state and it is a glokal attractor.

(3) If Q; existsand suchthat (N1;Q:) < Qi1 < (Ng;Q1), thenEy; =
(P1;Q1;0) and E1» = (P,; Q1; 0) both exist. If in addition P,Q; < =d,
then exept a set of initial conditions of Lelesguemeasure O, solutions
of (3.2) either convelgeto Eq or to Eq;.

Proof. Sinceu(Q) < , Eq is alocal attractor.

(1) In this caseu(Q) < for all Q Qg and thus P(t) 0 for all
t 0. Hencelmy, P(t) =p 0 exists. SinceP(t) is bounded below,
limy;  P(t) = 0. Henceif p > 0, then it follows from system(3.2) and the
assumptionof (1) that limy; Q(t) = 1 . Wearriveat a cortradiction. Thus
limy;  P(t) = 0and hencelimy;  Z(t) = 0, i.e., Eq is a global attractor for
(3.2).

(@) If (N7;Q1) < (No;Qi1) < Qp,then (Nt PQ:;Q1)  (No; Qi) <
Q: and there is no steady state of the form (P;Q;0). Let Q satisfy
(No;Q) = u(Q)Q. If Q  Q, then (Np; Q) = u(Q)Q  u(Q1)Q: =
Q1> (Ng; Q1) (No; Q ), acortradiction. Henceif Nt > =d and Q sat-

is es (3.3), thensince (Nt =d %; Q) (Ng; Q) forall Q  Qo,
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Q Q < Q,ie.,u(Q) < . Weconcludethat (3.2) hasno positive steady
state.

To shaw that Ej is a global attractor for (3.2), we partition  into three
pairwisedisjoint subsets: ;= f(P;Q;Z)2 :Q< Q.09, 2=1(P;Q;Z)2

:Q=0Qgand 3=f(P;Q;Z)2 :Q> Q9. If there existsa trajectory
which remainsin 3 for all largetime, thenQ= (Nt PQ Z;Q) u(Q)Q<
(Nt PQ Z;Q;) u(Q)Q: (No; Q1) Q1 < Ofor all largetime. Hence
limy; Q(t) = q Q; exists. SinceQ(t) is boundedbelow, limy; Q(t) =
0. But asQ(t) < (Ng; Q1) Qi< 0weobtain a cortradiction. Therefore,
no trajectory remainsin 3 for all large time. Supposethere existsty, 0
sudh that Q(tg) = Q1. Then Q(tg) < (Ng; Q1) Q1 < 0. Sud atrajectory
erters ; and remainsthere for all future time. A similar argumert asin (1)
canthen be applied to show that E, is a global attractor.

(3) There are two steady states of the form Eq; = (P1;Q1;0) and Eq, =
(P2; Q1;0). If P1Q1 < =d, then E4; is a local attractor and E 1, is a saddle
point with two dimensionalstable manifold. Similar analysisasin the proof
of Theorem 3.2 can be usedto show that there is no positive steady state.
To show our desiredresult, it is enoughto show that limy;  Z(t) = O for all
solution of (3.2). The idea of the proof is similar to that (1) of Theorem 3.2.

Clearly if Nt =d, then limy; Z(t) = 0. We now assumeNt > =d.
We partition  into three pairwise disjoint subsets: ; = f(P;Q;Z) 2
PQ< =dg;, .= f(P;Q;Z)2 :PQ= =dgand ;= f(P;Q;Z) 2

: PQ > =dg. If there exists a trajectory which remainsin 3 for all
large time, then Z(t) O for all large time and thuslimy; Z(t) = z 0
exists. If z > 0, then limy; P()Q(t) = =d, i.e., the ! -limit set of this
trajectory liesin C = f(P;Q;z) 2 :PQ = =dg. We can show that the
only nonempty invariant, connectedsubsetin C is a point. Sincethere is no
positive steady state, z = 0. But then we obtain a cortradiction. Similarly,
if there existstg > 0 sud that P (tg)Q(to) = =d, then it can be showvn that
(PQ)(tp) < 0. We concludethat ewery trajectory of (3.2) will enter ; and
remain there for all large time. Hence,limy; Z(t) = 0is showvn. Note that
restricted on the boundary where Z = 0, (3.2) becomes(2.3). Therefore,
excepta set of initial conditions of Lebesguemeasure0, ewvery trajectory of
(3.4) either convergesto Eq or to E;; by Theorem 2.2 (3)(c). [ |

Note that Theorem 3.3 does not discussthe casesfor which P,Q; <
=d < P;Q; or =d < P,Q;. As u(Q) < , Eo is alocal attractor. We can
immediately concludethat system(3.2) is not persistert. Numericalexample
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in the next sectionrevails that the systemis indeednot persisten for either
of thesecases.
u(Q)

As in section2, we let Rp = —=. If Nt No and Rg < 1, the prey

population becomesextinct aswasshown in Theorem3.1. For Nt > Ng and
Ro < 1,if eitheru(Q) < forQ QgorQ;existsand (Ng; Q1) < Qg,then
the prey population becomeextinct and so doesthe predator. Otherwise,
there are two steady statesEq1; = (P1;Q1;0) and Eq, = (P2; Q1;0) and we

dP; . .
can de ne two more thresholds R;; = X1 i 2. It is known

that Ry < Ry;. If Ryp < 1, then predator can not survive and there are
initial conditionsfor which the prey population canstabilize in an equlibrium
fashion. That is, the inhibition allows the prey to survive at a concerration
level which is too low for predator survival. In the next section, numerical
simulations will demonstratethat if either R, < 1 < Ry; or Ry, > 1, the
systemis not persisten.

If Rop > 1, sincethere is only one steady state of the form (P; Q; 0), we

de ne threshold R; = dplQl. If Ry < 1, then only the prey population can

survive. Howeer, if Ry > 1, both prey and predator can exist in coexistence
with ead other in either the inhibited or the uninhibited environmert.

4 Numerical Simulations

A very preliminary numerical study of model (3.2) is given in [30]. In this
section we provide a more detailed numerical simulation. In fact, we use
numerical examplesto illustrate analytical results of Theorem 2.2, Theorem
3.2and Theorem 3.3.

We adopt growth rate u and uptake rate takenfrom Grover [26,27]and
incorporated with inhibition

uQ) = umaka(rQ(Q Qr(girrr]l?:\ﬁ (4.1)
(N:Q) = max @z g @2)
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high high @Q Qmin)+
where max(Q) = max ( max lr%\’x)ﬁ and (Q  Qmjn)+
denotesthe positive part of Q  Qmin: i€, (Q  Qmin)+ = Q  Qmin if

Q Qminand(Q Qmin)+ = 0if Q < Qmin- Speci ¢ parametervaluesare
mg& = 15, I’]Q]\gx = 0:9, k = 2, Qm|n = 3, Qmax = 30 and Umax = 216
From (4.2), it is known that the toxic level Ng is 2. The nutrient-prey model

is then given by

(Q 3

P = P[Zilm ] (4.3)
_ . Nt PQ 4 (Q 3):Q
Q = [15 0522Q 3)+](NT PO+ (N; PQ)+4 2.16m.

We useparametervalues = 0:35and Nt = 15. Then Q = 3:294274and
u(®) = 0:2771< = 0:35. Moreover, Q; = 3:3867existswith (N1;Q;) =
0:9097< Q; = 1:1854< (No; Q) = 2:9596. Thus Eq = (0;Q); Eqq =
(P1; Q1) and Eqp = (P2;Qq) all exist with P; = 4:3229and P, = 1:1443.
Fig.2 shaws that the stable manifold of E, separatesF = f(P;Q) 2 R? :
PQ 15 into disjoint subsetsF; and F, sud that solutions with initial
conditions in F; convergeto Ey and solutions with initial conditions in F»
convergeto E;;. Therefore the separatrix shovn in Figure 2 becomesthe
threshold for population persistence.

For the nutrient-prey-predator model, the systemis given below

_ e (Q 3)
P = P[2.16m bZ] @9
i | Nr PQ Z 16(Q 3):Q
Q = [15 0522Q 3)+](NT PQ 2Z)2+ (N PQ 2Z)+4 2'16m’

We useNt = 3.5, = 0:2and b= 0:8. In this case,Q; = 3:2041 Q =
3:8858u(Q) = 0:663078> = 0:2 and P, = 1:0358. If we let = 0:35and
d= 0:1, then P,Q; = 3:3188< d = 3:5. Fig.3(a) shows that solutions with
P(0) > 0 corvergeto Eq; = (P1;Qq;0). If we choose = 0:35and d = 0:8,

then P,Q; > d = 0:4375. Fig.3(b) shows that solutionswith positive initial
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conditions are evertually trapped in a compact subsetwhich is a positive
distancefrom the boundary:.

We next useNt = 10. If = 0:8, then Q; = 4:1765 Q = 3:4249and
u(®) = 0:3785< = 0:8. Moreover, (Nt;Q;) = 1:3002< (N;Q;) =
2:8771< Q; = 3:3412. Fig.4(a) demonstratesthat solutions converge to
Eo = (0;9;0). If we choose = 04, then Q; = 3:4545and (N1;Q;) =
1:2950< Q; = 1:3818< (Ng; Q1) = 2:9525. Thus E1; = (P1;Qq;0) and
E1, = (P2;Qq; 0) both exist with P, = 2.7696and P, = 0:2167.I1f = 0:97
and d = 0:1, then P;Q; = 9:5676 < d = 9:7. Fig.4(b) illustrates that
solutions either corvergeto Eq or to Eq;.

Finally, welet Nt = 10, = 04andb= 0:1. If = 0:41andd = 0:05,
then P,Q; = 0:7486< d = 82 < P;Q; = 9:5676. There exists a unique

positive steady state E, = (2:2608 3:627Q 1:155) and there are trajectories
which corvergeto E,. Howewer, system(4.4) is not persisten. For example,
the solution with P(0) = 0:6, Q(0) = 2:1 and Z(0) = 8 corvergesto E,
asis shawvn in Fig.5(a). Similarly, if we choose = 0:05and d = 0:1, then

P,Q: > P,Q; > d = 0.5 and system (4.4) is not persistent, asis shovn in

Fig.5(b). This is in part due to the fact that u(Q) < and Eq is a local
attractor.

5 Discussion

A variable-yield simplefood chain with a growth inhibiting nutrient is derived
and analyzed. The model provides us a better understandingof the impact
of inhibition upon the dynamics of a simple nutrient-prey-predator system
with internal nutrient storageby prey.

Our analytical resultscanbe interpreted in terms of seweral thresholds. If
Ro < 1, the systemin generalis not persisten, i.e., there exist solutionswith
P() > 0; Z(0) > 0 suc that either P(t)! Oast! 1 and consequetty
Z(t)! Oast! 1 oronlyZ(t)! Oast! 1. In certain casesaswas
showvn in (3) of Theorem 3.3 we can de ne two more thresholds given by

P, . . .
Ry = d 'Ql. Eadh Ry can be viewed as the basic reproductive number

of predator when prey's population is stabilized at P;. If Ry; < 1, then
there exist initial populations for which the predator becomesextinct but
not the prey under the inhibited ervironmert. This inhibition provides prey
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an ervironmen to survive at a density level which is too low for predator
survival. If either R; < 1 < Ry; or 1 < Ry < Ry, then system (3.2)
is not persistert. This is a direct implication of local stability of steady
state Eo. Howewer, computer simulation demonstratesthat there do exist
initial populationswith large prey densitiesfor which both prey and predator
becomeextinct.

dP1Q

If Rop > 1, we can de ne one more threshold R; = . If Ry < 1,

only the prey population can survive. If Ry > 1, the systemis uniformly
persistert. Howewer, the dynamicsare much more complicatedthan simply
convergingto a steady state asillustrated in Fig.3(b) of section4.

Although a simpleLotka-Volterra functional responseis usedasthe preda-
tor's uptake rate, our study of a variable-yield simple food chain with non-
monotone uptake functions provided here gives us an insight of how inhi-
bition alters the dynamics of a simple food chain without inhibition. The
results obtained herecan be applied to nutrient-based population modelsfor
which inhibition is likely. In particular, they are applicableto toxicology and
bioremediationwheremicrobial food chain and consortiaare usedto detoxify
cortaminants.

Acknowledgemets
We are grateful to the refereesfor their valuable commerts and sugges-
tions for the biological interpretations of Theorem 2.2 (3)(c).

18



Footnote

1. Correspondingauthor. Tel.: +1-806 742-1422p-mail: rjang@math.ttu.edu

2. Current address:Departmert of Mathematical SciencesBall State Uni-
versity, Muncie, IN 47306;e-mail: jbaglama@math.bsu.edu

19



References

[1] J.F. Andrews, A mathematical model for the cortinuous culture of
microorganisms utilizing inhibitory substrates, Biotech. Bioengrg. 10
(1968) 707-723.

[2] J.L. Jost, J.F.Drake, A.G. Fredrickson, H.M. Tsuchiya, Interactions of
Tetrahymena pyriformis, Esderichia coli, Azotobacter vinelandii, and
glucosein a minimal medium, J. Bacteriol. 113(1973) 834-840.

[3] S.K. Kumar, W.F. Vincent, P.C. Austin, G.C. Wake, Picoplankton
and marine food chain dynamicsin a variable mixed-layer: a reaction-
di usion model, Ecol. Modelling 57 (1991) 193-219.

[4] D.R. Yang, A.E. Humphrey, Dynamic and steady-statestudiesof phenol
biodegradationin pure and mixed cultures, Biotech. Bioengrg.17 (1975)
1211-1235.

[5] B.H. Ketchum, The absorption of phosphateand nitrate by illuminated
cultures of Nitzschia Clsterium, Amer. J. Botany 26 (1939) 399-407.

[6] D.L. DeAngelis, Dynamics of Nutrient Cycling and Food Webs, Chap-
man & Hall, New York, 1992.

[7] K. Lange, F.J. Oyarzum, The attractiv enessof the Droop equations,
Math. Biosci. 111(1992) 261-278.

[8] F.J. Oyarzum, K. Lange, The attractiv enessof the Droop equationsi|.
Genericuptake and growth functions, Math. Biosci.121(1994)127-139.

[9] H.L. Smith, P. Waltman, Competition for a single limiting resourcein
corntinuous culture: The variable-yield model, SIAM J. Appl. Math. 54
(1994)1113-1131.

[10] H.L. Smith, P. Waltman, The Theory of the Chemostat, Cambridge
University Press,New York, 1995.

[11] H.L. Smith, The periodically forced Droop model for phytoplankton
growth in a chemostat,J. Math. Biol. 35 (1997) 545-556.

20



[12] S.Jang, Dynamicsof variable-yield nutrient-phytoplankton-zooplankton
models with nutrient recycling and self-shading,J. Math. Biol. (to ap-
pear).

[13] A. W. Bush, A.E. Cook, The e ect of time delay and growth rate inhibi-
tion in the bacterial treatment of wastewater, J. Theor. Biol. 63 (1976)
385-395.

[14] G.J. Butler, G.S.K. Wolkowicz, A mathematical model of the chemostat
with a generalclassof functions describing nutrient uptake, SIAM J.
Appl. Math. 45 (1985) 138-151.

[15] G.S.K. Wolkowicz, Z. Lu, Global dynamicsof a mathematical model of
competition in the chemostat: Generalresponsefunctions and di eren-
tial death rates, SIAM J. Appl. Math. 52 (1992) 222-233.

[16] S.Jang, L. Allen, A simplefood chain with a growth inhibiting nutrient,
Appl. Math. Comput. 104 (1999) 277-298.

[17] R. Aris, A.E. Humphrey, Dynamics of a chemostat in which two or-
ganismscompete for a commonsubstrate, Biotech. Bioengrg.19 (1977)
1375-1386.

[18] B. Boon, H. Laudelout, Kinetics of nitrite oxidation by Nitrobacter
winogradskyi, Biochem J. 85 (1962) 440-447.

[19] H.W. Hethcote, Qualitativ e analysis of communicable diseasemodels,
Math. Biosci. 28 (1976) 335-356.

[20] M.R. Droop, Somethoughts on nutrient limitation in algae,J. Phycology
9 (1973) 264-272.

[21] M.R. Droop, The nutrient status of algaecellsin cortinuousculture, J.
Marine Biol. Ass0.54 (1974) 825-855.

[22] J.W. Caperon,J. Meyer, Nitrogen-limited growth of marine phytoplank-
ton I. Changesin population characteristics with steady-state growth
rate, Deep-SeaRes.19 (1972) 601-618.

[23] J.W. Caperon, J. Meyer, Nitrogen-limited growth of marine phytoplank-
ton I1. Uptake kinetics and their role in nutrient-limited growth of phy-
toplankton, Deep-SeaRes.19 (1972) 619-632.

21



[24] A. Cunningham, R.M. Nisbet, Time lag and co-operativity in the tran-
siert growth dynamicsof microalgae,J. Theoret. Biol. 84(1983)189-203.

[25] A. Cunningham, R.M. Nisbet, Transierts and oscillationsin cortinuous
cultures, in: M.J. Bazin, (Ed.), Mathematical Microbiology, Academic
Press,New York, 1983,pp.77-103.

[26] J.P. Grover, Resourcecompetition in a variable ervironmernt- phyto-
plankton growing accordingto the variable-internal-storesmodel, Amer.
Nat. 138(1991)811-835.

[27] J.P. Grover, Constart- and variable-yield models of population growth-
Responsego environmertal variability and implications for competition,
J. Theoret. Biol. 158(1992) 409-428.

[28] H.R. Thieme, Persistenceunder relaxed point-dissipativity (with appli-
cation to an endemicmodel), SIAM J. Math. Anal. 24 (1993) 407-435.

[29] H.l. Freedman,P. Waltman, Persistencein models of three interacting
predator-prey populations, Math. Biosci. 68 (1984)213-231.

[30] S. Jang, A mathematical model and computer simulations of the inter-
actions betweenmicrobes, Proceedingsl1th IEEE symposium on com-
puter basedmedical systems(1998) 151-155.

22



Figure legends

Figurel: Graphs of functions (N;Q) for Q = Qo, Q = &, Q = Q, and
Q = Q areplotted againstN. Three possibleequilibria Eq, E;; and E4, are
showvn asoccursin Theorem?2.2 (3)(c), whereE, and E; are stableand E 4,
is unstable.

Figure2: Plot of trajectories of system(4.3) using = 0:35and N+
15. Solutions of (4.3) either corvergeto Eo; = (0;3:294274)or to E;
(4:3229 3:3867)with the exceptionof the stablemanifold of E1, = (1:1443 3:3867).

Figure3: Trajectoriesof system(4.4) plotted usingN+ = 3:5; b= 0:8 and

= 0:2. In part (a), = 0:35andd = 0:1. Solutions of (4.4) with positive

initial conditions convergeto E;; = (1:0358 3:204% 0). In part (b), = 0:35
and d = 0:8. Solutions of (4.4) seemto corvergeto a periodic solution.

Figure4: Plot of trajectories of system (4.4) using Nt = 10. In part

(@ = 0:8 and all solutions corvergeto Eq = (0;3:42490). In part
(b), = 0:4. Solutions either corvergeto Eq = (0;3:42490) or to E;; =
(2:7696 3:4545 0).

Figureb: Trajectoriesof system(4.4) plotted usingNt = 3:5; b= 0:8and

= 0:2. In part (a), = 0:35andd = 0:1. Solutions of (4.4) with positive

initial conditions corvergeto E1; = (1:0358 3:204% 0). In part (b), = 0:35
and d = 0:8. Solutions of (4.4) seemto corvergeto a periodic solution.
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