REST ARTED BLOCK LANCZOS BIDIA GONALIZA TION METHODS

JAMES BAGLAMA AND LOTHAR REICHEL Y

Abstract.  The problem of computing a few of the largest or smallest singular values and asso-
ciated singular vectors of a large matrix arises in many applications. This paper describes restarted
block Lanczos bidiagonalization methods based on augmentation of Ritz vectors or harmonic Ritz
vectors by block Krylo v subspaces.

Key words. partial singular value decomposition, restarted iterativ e method, implicit shifts,
augmentation.

AMS sub ject classi cations. 65F15, 15A18

1. Intro duction. Many problemsin Applied Mathematics and Engineering re-
quire the computation of a few of the largestor smallestsingular valuesand assaiated
left and right singular vectors of a large matrix A 2 R ". Thesetasks arise, for in-
stance,when oneis interestedin determining a low-rank approximation of A or when
one wishesto compute the null spaceof A or of its transposeAT. We may assume
that © n, becauseotherwise we replaceA by AT. Let

(A) (A) ... A
i S s W0

denote the singular values of A, and let uj(A) 2 R and vj(A) 2R", 1 | n, be
asscaiated left and right singular vectors, respectively. Hence,

A A) (A). A) _  (A) (A). : .
(1.1) Avj( ) — j( )Uj( ), ATuj( ) — j( )Vj( )' 1 j n
and

X

A= Ry (AT
j=1

The matrices U{) = [u(lA);u(zA);:::;uﬁA)] and VA = [ng);véA);:::;v,ﬂA)] have or-

thonormal columns. We refer to f j(A);uj(A);vj(A)g asa singular triplet of A. Singular

triplets assaiated with large (small) singular values are referred to as large (small)

singular triplets.

This paper preserts new restarted partial block Lanczosbidiagonalization meth-
ods for the computation of a few of the largest or smallest singular triplets. The
methods determine sequence®f partial block Lanczosbidiagonalizations of A assai-
ated with judiciously choseninitial blocks.

Application of m steps of block Lanczos bidiagonalization with block-size r to
the matrix A with the initial block P, 2 R" " with orthonormal columns yields the
decompositions

1.2) APmr = Qmr Bmr 5
(1.3) ATQmr = Py Br-lr-]r + FFEJ;
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where Py 2 R ™ Qe 2 R ™, PT Por = QI Qmr = lmr, @and Iy denotes
the identit y matrix of order mr. The matrix Py, hasthe leadingn r submatrix P, .
Wereferto F; 2 R" ' asthe residual matrix. It satis es

(1.4) Pa Fr = 0
The matrix
2 3
s L@ O
s@ e
s®
(1.5) Bmr = . 2 R™ M

L (m)

0 sm

is upper block-bidiagonal with upper triangular diagonal blocks SU) 2 R" ' and
lower triangular superdiagonal blocks L) 2 R" ". Thus, By, is upper triangular.
Throughout this paper, the matrix E; consistsof the r last columns of an identity
matrix of appropriate order. We refer to the decompositions (1.2)-(1.3) as a partial
block Lanczosbidiagonalization of A. The number of block-bidiagonalization steps,
m, is assumedto be small enough so that the decompositions (1.2)-(1.3) with the
stated properties exist. The matrix (1.5) is assumedto be su cien tly small to allow

easycomputation of its singular triplets f (B ), uj(er );vj(er )gjm:rl . Note that when
the residual matrix F; vanishes,the singular valuesof B,, are singular valuesof A,
and the assaiated singular vectors of A can be determined from Pp, , Qmr , and the
singular vectors of B,y . Moreover, when F, is of small norm, the singular values
f j(B'“’ )g]-m:rl are closeto singular valuesof A; seeSection 2 for further details.

For large matrices A, i.e., when °, and possibly also n, are large, the storage
requirement of the partial block Lanczosbidiagonalization (1.2)-(1.3) is large, unless
mr is small. However, when the number of block Lanczos steps m and the block-
sizer are chosenso that mr is small, the singular values of By, may not furnish
su cien tly accurateapproximations of the desiredsingular valuesof A. This di cult y
can be circumvented by letting mr be fairly small and computing a sequenceof partial
block Lanczosbidiagonalizations (1.2)-(1.3) assaiated with judiciously choseninitial
blocks P;. Methods basedon this approach are known as restarted block Lanczos
bidiagonalization methods and will be discussedin the presert paper.

The rst restarted block Lanczosbidiagonalization method for computing a few of
the largest singular triplets of a large matrix is described by Golub et al. [6]. During
the last few yearsconsiderableprogresshasbeenmadein the developmert of restarted
methods, basedon the Lanczosand Arnoldi processesfor the computation of a few
eigervaluesand assaiated eigervectorsof a large sparsematrix; see,e.g.,Lehoucq[12]
and Sorensen[2(Q] for recert discussionsof this type of methods. The latter methods
have spurred the developmen of new restarted Lanczos bidiagonalization methods
with block-size one; see,e.g., Bjorck et al. [5], Jia and Niu [10], Kokiopoulou et al.
[11], aswell as[2].

The present paper extends the restarted Lanczos bidiagonalization methods in
[2] to block-methods. Our interest in block-methods stems from the fact that they
can detect and compute close singular values and assaiated singular vectors more
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reliably than the corresponding methods with block-size one. This property of block-
methods has beendiscussedby Parlett [18] in the context of eigernvalue computation
of large symmetric matrices. Numerical illustrations for singular value computation
are preserted in Section 5.

We also remark that for some large problems, the computer time required to
evaluate products of the matrices A or AT with blocks of r vectors, while large, only
grows quite slowly with r. This situation arises,for instance, when the matrix A is
not explicitly stored and its ertries are computed when required for the evaluation
of matrix-v ector products with A and AT. Block-methods then are the methods
of choice. Moreover, block-size r > 1 makes it possible to describe much of the
arithmetic work in terms of sparseBLAS, which on many computers can be executed
quite e cien tly; seeVudoc et al. [21] and Wijsho [22].

This paper is organized as follows. Section 2 describes an algorithm for the
computation of the partial block Lanczosbidiagonalization (1.2)-(1.3) and intro duces
notation used throughout the paper. A restarted block Lanczos bidiagonalization
method basedon augmertation of Ritz vectorshby a block Krylo v subspaces presened
in Section 3, and Section 4 describesan analogousschemebasedon augmertation of
harmonic Ritz vectors. Thesemethods are block-generalizationsof schemesdiscussed
in [2]. Computed examplescan be found in Section 5 and concluding remarks in
Section 6.

When a good preconditioner is available for the solution of linear systems of
equationswith the matrix A, methods of Jacobi-Davidson-type are attractiv e for the
computation of a few of the largest or smallest singular triplets; seeHochstenbach
[8, 9]. The methods of the presernt paper are suited for matrices for which no good
preconditioner is known.

2. Partial block Lanczos bidiagonalization.  The following algorithm de-
termines the partial block Lanczos bidiagonalization (1.2)-(1.3) of A 2 R ". The
number of block Lanczosbidiagonalization stepsm and the block-sizer typically are
chosensothat mr  minf *; ng. The algorithm asstated requiresthat all the triangu-
lar r r matricesLU*D and SU*D generatedbe nonsingular, however, the MATLAB
code usedfor the computed examplesdoesnot imposethis restriction; seethe discus-
sion below. The jth step of the algorithm determines sets of r new columns of the
matrices Py and Qny . We refer to thesesetsasPU*) 2 R" T and QU+ 2 R T,
respectively. Thus,

Throughout this paper k k denotesthe Euclidean vector norm or the assaiated
induced matrix norm.

Algorithm  2.1. Block Lanczos Bidia gonaliza tion

Input: matrix A 2 R " or functions for evaluating matrix-vector products with
Aand AT,
r: bleck-size 1,
P, 2 R" ' :initial block with r orthonormal columns,
m : number of bidiagonalization steps.

Output: Py
le’
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Bmr 2 R™ ™ : upper block-bidiagonal matrix (1.5),
F, 2 R" ' : residual matrix.

1. PO =P, W, := APD);
2. Compute QR-factorization: W, =: QW s®) (SM s upper triangular);
3.forj=1:m
4. F, = ATQW) PO (SU)T:
5. Reorthogonalization: F, := F, Pjr(PjTr Fr);
6. if j < m then
7. Compute QR-factorization: F, =: PU*D) RG+D ;. | (+D) .= (RU+D)T.
8. W, := AP (i+D) Q(j)L(j+l) :
9. Reorthogonalization: W, = W, er(QjTrWr);
10. Compute QR-factorization: W, =: QU+D si+1) ;
11. endif
12. endfor

The algorithm is formulated for matrices A with real-valued ertries; however, the
MATLAB code usedfor the numerical examplesreported in Section5 can be applied
to matrices with complex-valued ertries as well. In the latter case,transposition is
followed by complex conjugation.

When the computations with Algorithm 2.1 are carried out in nite precision
arithmetic and the matrices F, and W, are not reorthogonalizedagainst the columns
of the available matrices Pj, = [P®W;P®@;:::;PO] and Qjr = [QW;Q@;:::;QU)],
respectively, the computed columns of P, and Qn, might be far from orthogonal.
We therefore reorthogonalizein lines 5 and 9 of the algorithm.

Seweral reorthogonalization strategies for the columns of the matrices P,, and
Qmr are discussedin the literature for the casewhen the block-size r is one; see
[2] for a recent review and references. Here we only note that Simon and Zha [19]
obsened that whenthe matrix A is not very ill-conditioned, only the columns of one
of the matrices P,y or Qnr needto be reorthogonalized. Reorthogonalization of the
columns of P, only can reduce the computational e ort required to compute the
decompositions (1.2)-(1.3) considerably when ° n. Algorithm 2.1 easily can be
modi ed to reorthogonalize only the columns of Py, . Our MATLAB code allows a
userto choosebetweenreorthogonalization of the columns of both P, and Qn, , and
reorthogonalization of the columns of Py, only.

The QR-factorizations in Algorithm 2.1 and elsewherein our MATLAB code are
computed by the MATLAB function gr with column pivoting. For instance, in step
2 of the algorithm, the function gr yields the factorization W, = Q® S®  where
Q® 2 R ' has orthonormal columns and S® 2 R" ' is upper triangular up to
a column permutation. Sud a factorization is computed also when the columns of
W, are linearly dependert or nearly so. For simplicity, we will refer to the matrices
S0+ and LU*D | j = 0;1;:::;m 1, determined by Algorithm 2.1 as upper and
lower triangular, respectively, evenif, dueto possiblecolumn permutation, they might
not be. Thus, Algorithm 2.1 computesthe desiredoutput even for problemsthat give
rise to matrices W, of lessthan full rank.

Let SW = [sjk]i, -, be the triangular matrix obtained by QR-factorization of

W, with column pivoting, and assumefor notational simplicity that S® really is
upper triangular. Then the diagonal ertries satisfy js;1j  jS22j :::  jsSrrj, and
they can, for small block-sizesr, be usedto compute fairly accurate bounds for the
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condition number (W;) of W,. Here (W) := kW, kkwWYk, where W} denotesthe
Moore-Penrosepseudoirverseof W, . It follows from Bjorck [4, Section 2.7.3] that

jS11]
Jsrr]
We repeat steps 9 and 10 of Algorithm 2.1 when the left-hand side of (2.1) is large
in order to securethat the columns of QU*Y | that may have beenintroducedby the
MATLAB function gr and are not in the range of W,, are numerically orthogonal to
the range of Q;,. We remark that the occurrenceof a large left-hand sidein (2.1) is
rare.

It follows from Algorithm 2.1 that L(™*1) | the last superdiagonal block of the
upper block-bidiagonal matrix B 1y 2 RM*D T (M*D T which is obtained by m+ 1
block Lanczos bidiagonalization steps, can be computed by QR-factorization of the
residual matrix F, determined by the algorithm in stepm, i.e.,

(2.2) Foo= PMORMHAD . (m*D) = (RIMD)T

W) 2 1DF1311]_

2.1 !
(2.1) ]

whereP (M*) 2 R" T hasorthonormal columnsand R(M*Y 2 R ' is upper triangu-
lar. Thus, the matrix P(M*1)  which makesup the last r columns of P(m+1)r, can be
computed when the decompositions (1.2)-(1.3) are available. The relation (1.3) can
be expressedas

(2.3) AT Qe = P(m+1) rBrrwr (m+1) 1

where the matrix By :(m+yyr 2 R™ (M*D 7 is obtained by appending the columns
ErL(M*D to By, . Note that By :(m+1) ¢ iSthe leadingmr  (m+ 1)r submatrix of the
matrix B(m+1y , Which is obtained after m+ 1 stepsof block Lanczosbidiagonalization.

We remark that a right singular vector of A assaiated with a zerosingular value
can be expressedas a linear combination of the columns of P, , e.g., by using the
singular value decomposition of B, . However, the corresponding left singular vector
of A is not readily available.

We will usethe connectionbetweenpartial block Lanczosbidiagonalization (1.2)-
(1.3) of A and partial block Lanczostridiagonalization of the matrix AT A. Multiplying
equation (1.2) by AT from the left-hand side yields

(2.4) ATAPy = Py B B + FrE By :
The matrix
(2.5) Tor == B, By 2R™ ™

is symmetric and block-tridiagonal with block-size r, and the expression(2.4) is a
partial block Lanczostridiagonalization of AT A with initial block-vector P, ; see,e.qg.,
[7, Section 9.2.6] for a discussionon block Lanczostridiagonalization. Since T, is
block-tridiagonal, equation (2.4) shaws that the block-columns PU) of P, satisfy

(2.6) Km(ATA; P,) = sparf P, ; ATAP, ; (ATA)?P,;:::; (ATA)™ 1P, g:
Similarly, multiplying (1.3) by A from the left-hand side yields

(2.7) AATQm = Qm By BT, + AF,E/:
5



The columns of Qny form an orthonormal basisof the block Krylov subspace
(28)  Km(AAT;Q/) = sparfQ;; AATQ; (AAT)?Q, ;115 (AAT)™ Qg

with Q; := AP,. Weremark that sincethe columnsof Q,; generallyare not orthogo-
nal to AF,, the decomposition (2.7) typically is not a block Lanczostridiagonalization
of AAT.

Let f ](Bm’ ), ume’ ). ](Bm’ )g]mrl denote the singular triplets of B,y enumerated
sothat

(2.9) (Bo) o (Bo) e Be)
Then, analogouslyto (1.1),

(210)er Vj(er ) = j(er )uj(er ); BT (er ) - j(er )Vj(er ); 1 J mr;

and the mr  mr matrices of left and right singular vectors

B mr Bmr )..... mr . mr — Bmr ). Bmr )..... mr
UBm ) o= [ulBm )y B )y B )]y B ) = B Yo Bre )y (B )
are orthogonal.
(A). (A)

We determine approximate singular triplets f~j(A) ;b

e g%, of A from the
singular triplets of By, by

(211) __j(A) = j(er ); u’j(A) ‘= Qur uj(er ); V'j(A) = Py Vj(er ):

Combining (2.10) and (2.11) with (1.2)-(1.3) shows that

(212) AYY = My ATHA) = YN L EETYER):

It follows from the orthonormalit y of the columnsof the matrices Pr,, and U(er ) that
(A). (A) ..... (A)

the approximate left singular vectorstr; ;& ;¢ are orthonormal. Similarly,
the approximate right singular vectors (A), (A ) """ V',(nAr) are also orthonormal.
The relations (2.12) suggestthat an approximate singular triplet f (A), uJ(A);vj(A)g

(Bmr )
Yj

(A)g asa singular triplet of A if

be acceptedas a singular triplet of A if F,Eu
our numerical method acceptsf ~*’; &*;

is su cien tly small. Speci cally,

(2.13) kRMD kkETu®™ )k kAk

for a user-speci ed value of , where we have used (2.2). The quantity kAk in (2.13)

is easily approximated by the largest singular value gBm’ ) of the block-bidiagonal

matrix By, . The computation of gB”" )is inexpensive becausethe matrix By, is not
large. During the computations of the desiredsingular triplets of A, typically, seweral
matrices By, and their singular value decompositions are computed. We approximate
kAk by the largest of the singular values of all the matrices B, generated. This
generally givesa good estimate of kAK.



3. Restarting by augmentation of Ritz vectors. Wu and Simon [23] re-
certly discussedthe computation of a few extreme eigervalues of a large symmetric
matrix by a restarted Lanczostridiagonalization method, and proposedan implemen-
tation basedon the augmenation of Ritz vectorsby a Krylov subspace.A restarted
Lanczos bidiagonalization method basedon this approac is described in [2]. The
presert section generalizesthe latter schemeto allow block-sizer larger than one.

Let the partial block Lanczosbidiagonalization (1.2)-(1.3) be available, and as-
sumethat we are interested in determining the k largest singular triplets of A, where
k < mr. Consider the approximate right singular vectors vj(A), 1 mr, deter-
mined by (2.11). It follows from (2.2), (2.4), (2.10), and (2.11), that

3.1) ATAWY  ()2y = Apmet) gme) gTyEm ) g

which shows that the residual errors for all vectors vj(A), 1 ] mr, live in

R(P(M*1)), the range of P(M*1) . Moreover, since the vectors vj(A) are orthogonal

to R(P(M*1)), they are Ritz vectors of AT A. Speci cally, \fj(A) is a Ritz vector asso-
ciated with the Ritz value(~j(A))2. If ~j(A) = 0, then \fj(A)
ATA.

We now derive modi cations of the decompositions (1.2)-(1.3), in which the k
rst columns of an analog of the matrix P, are the Ritz vectors viA);\ng); S
assaiated with the k largest Ritz values. We recall that these Ritz vectors are also
approximate right singular vectors of A. Their accuracy as well asthe accuracy of
available approximate left singular vectors, is improved by augmerting the modi ed
decompositions by block Krylo v subspacesand then restarting the computations.

Let the Ritz vectors vj(A), 1 j k, beavailable and introduce the matrix

is an (exact) eigervector of

(3.2) Pisr = [ng);\féA);:::;vl((A);P(m”) ]2 R (k+1).

(3.3) APy = [FM A A (A Ap (me)

Orthogonalization of AP (M*1) against the vectors uj(A), 1 j k,yields

X
(3.4) AP (M+1) tt]-(A)I‘]T + W(m+1);

j=1
where i = (uj(A))TAP(m*l) ,1 j k, and the columns of the remainder matrix
w(m+) 2 R* ' are orthogonal to the vectors uj(A), 1 j k. The vectorsr canbe

evaluated inexpensiwely by using the right-hand side of
f = (P(m+1) )TAT bfj(A) — (P(m+1) )T(~j(A)V](A) + I:rE;ruj(er )) - R(m+1) E;ruj(er ):
Intro duce the QR-factorization

W(m+l) = Q(m+1) S(m+1) .

where Q(M*D) 2 R T has orthonormal columnsand S(M*) 2 R ' is upper trian-
gular. We remark that similarly asin Section 2, column pivoting is applied when
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evaluating the QR-factorization. Therefore S(M*1) is upper triangular up to column
pivoting, only. This commern appliesto all \triangular" factors of QR-factorizations
computed throughout this paper.

De ne the matrices

(39 Qirr = [ 68V eV QM ]2 R (0D
and

(3.6) Bisr = 2 Rk+1) (k+r).

HOOCOOD) N
l
xl’\
>
XT—|

0) S(m+)

The matrix Qk+r hasorthonormal columnsand By., may have nonvanishing ertries
only on the diagonal and in the last r columns. Substituting (3.4) into (3.3) yields
the decomposition

(3.7) APi+r = QierBisr;

which is our desiredanalog of (1.2).
We turn to the matrix

(3.8) ATQer = [ATHY ATHY i AT AT QY )

which we would like to expressin terms of Py, and B}, ,. This will give an analogue

of the decomposition (1.3). The rst k columns of (3.8) are linear combinations of

the vectors vj(A) and the columns of P(M*1) : speci cally, we havefor 1 | Kk,

(3.9) ATu].(A) = ~j(A)vj(A) + p(m+1) R(m+1) ErTuj(Bm’ ) = ~,—‘A)v,-(A) + POV

The last r columns of (3.8) are orthogonal to the Ritz vectors \fj(A),

(b‘j(A))T AT Q(m+1) - ~j(A)(uj(A))T Q(m+1) =0 1 k:
Therefore they can be expressedas
(310) ATQ(m+1) = P(m+1) Z(m+1) + F‘r' Z(m+1) 2 R I’;

where the columnsof F; 2 R" " are orthogonal to the vectorsvj(A), 1 j k,and
to R(P(M*D ). Since

Xk
(Q(m+l) )TAP(m+1) - (Q(m+l) )T( ttj(A)F]T + W(m+l) ) — S(m+l) :

j=1

it follows from (3.10) that Z(™*D = (S(M*D )T This obsenation, together with (3.9)
and (3.10), shows that

(3.11) AT Qysr = P‘k+rB|-<r+r + F}E;r;
8



which is the desired analogueof the decomposition (1.3). We remark that F; can be
computed from (3.10).

If the matrix F; in (3.11) vanishes,then the singular valuesof By.  are singular
valuesof A, and we are done. When F; 6 0, new block-columns P(M+i) 2 R" T gnd

QM+ 2 R T j=23;:::;", are computed and appendedto the matrices Pi., and
Qk+r, respectively, asfollows. Evaluate the QR-factorization

(3.12) F, = p(M+2) R(m+2) .

where P(M*2) 2 R" T has orthonormal columns and R(M*2) 2 R" ' is upper trian-
gular. Let L(M* = (R(M*2)T = Note that the matrix Piso; = [Pk+r;P(M*2 ]2
R" (k+2r) hasorthonormal columns. Determine the QR-factorization

3.13 QM M2 = (I Qirr Qs r)AP M)
k+r

where Q(M*2 2 R ' hasorthonormal columnsand S(M*2 2 R ' is upper triangu-
lar. Substituting the transposeof equation (3.11) into the right-hand side of (3.13),
and using (3.12), shows that

(3.14) QM+ g(M#2) = Ap(M#D)  Qm+D) | (m+2) .
Let Qk+2r = [Qu+r; QM ]2 R (k*21) and de ne the matrix By+2, by rst ap-

pending the column E,L(M*2 and then the row [0;:::;0;S(M* ] 2 R" (k*271) tg
Bk+r, i-e-,

2 3
» 0 4
. : 0
Bysor = ~l(<A) f{ 2 R(k+2 r) (k+2r):
S(m+1) | (m+2)
O S(m+2)
It now follows from (3.7) and (3.14) that
(3.15) APis2r = Qks2rBiszr:
We proceedby evaluating the QR-factorization
(3.16) PM R = (I Piaar Plp )ATQM™)

where P(M*3) 2 R" T has orthonormal columns and R(M*3) 2 R" T is upper trian-
gular. Let L(M*3) := (R(M*3))T gybstituting (3.15) into (3.16) gives

P(m+3) R(m+3) - ATQ(m+2) P(m+2) (S(m+2) )T,
which shows that
(3.17) ATQuizr = Pz B,y + PMI RMI ET:

The decompositions (3.15) and (3.17) are analogousto (3.7) and (3.11). We continue
in this manner to append new block-columns to the matrices Pi+j, and Qk+jr, as
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well asrows and columnsto the matrices By+jr, forj = 2;3;:::;i 1, to obtain the
decompositions

(3.18) APi+ir = Qksir Bisir; AT Queir = Pisir By + PMFIFD RMAD ET

where the matrices Pi+ir and Qg+ have orthonormal columnsand

2 3
A
~A) 0 o O
© g .
Bisir = g(m+1) | (m+2) 2 R(k+ir) (k+ir).
g(m+2) ..
O L(m+i)

S(m+i)

Typically, the number of stepsi is chosensothat the matrices in the decompositions
(3.18) require about the same amount of computer storage as the matrices in the
decompositions (1.2) and (1.3), i.e.,i m k=r.

Having determined the decompositions (3.18), the method proceedsbhy computing
the singular value decomposition of B+ ir . The k largestsingular triplets of By give
us approximations of the k largest singular triplets of A by using formulas analogous
to (2.11). Thesek largest approximate triplets determine new decompositions of the
form (3.7) and (3.11), from which we compute new decompositions of the form (3.18).
The computations cortinue in this manner until su cien tly accurate approximations
of the k largest singular triplets of A have beenfound. An algorithm that describes
these computations for block-sizer = 1 can be found in [2, Subsection3.3].

This section has discussedhow to determine approximations of the k largest sin-
gular triplets of A. The computations of approximations of the k smallest singular
triplets of A canbe carried out analogously The vectorsvi®) | 1 j  k,in (3.2) then
should be right approximate singular vectors of the k smallest available approximate
singular triplets of A (instead of the largest ones). We note, howeer, that when the
k smallestsingular triplets of A are desired,it may be advantageousto augmert har-
monic Ritz vectorsinstead of Ritz vectors by block Krylo v subspaces.This approac
is described in the following section.

4. Restarting by augmen tation of harmonic Ritz vectors. Numerical ex-
amplesreported in [2] for block-sizer = 1 show that augmertation of harmonic Ritz
vectors may yield faster corvergencetowards the smallest singular triplets than aug-
mentation of Ritz vectors. Kokiopoulou et al. [11] report analogousbehavior of
restarted Lanczosbidiagonalization methods that apply implicit shifts. This section
generalizesthe method in [2] for augmertation of harmonic Ritz vectorsto block-size
r larger than one.

Let the partial Lanczosbidiagonalization (1.2)-(1.3) of A be available and assume
that the matrix Bp, is nonsingular. The harmonic Ritz values’\,- of AT A assaiated
with the partial block Lanczostridiagonalization (2.4) are the eigervaluesof the gen-
eralized eigervalue problem

(4.1) ((BF, Bmr )2+ Er(SM)TLMD (LMD YT SMET )y = BT B W ;
10



with Wy 2 R™ nfOgfor 1 j mr; see,e.g., Morgan [14, 15], Paigeet al. [17], and
[1] for properties of harmonic Ritz values.

The eigenpairsf '\, ; Wj g of (4.1) can be determined from the singular value decom-
position of the matrix B ;(m+1)r introducedin (2.3) asfollows. Let f 2;u?; vig™,
denote the singular triplets of By .(m+1) . We enumerate the triplets so that

(4.2) o< 2 9 0

becausein the presen section, we are concernedwith the computation of the k <
mr smallest singular triplets of A. The k smallest singular triplets of By ;(m+1)r
determine the matrices

Uo:= [ud;udiziiufl2 R™ K
4.3) Vko;: [V(f;vg;'::;vE] 2 RM* 1 k.
0:=diag[ $; %:::; Q12 R K

where U? and V2 have orthonormal columns and
(4'4) er;(m+l)ka0= UI? E? Br1r-1r;(m+1)rUI?: VkO Ei

We refer to (4.4) as a partial singular value decomposition of By .(m+1yr. It now
follows from Ef By, = S(MET and

(4-5) er ;(m+1) rBrl—]r (m+1) r = By Br-:;r + EFL(m+l) (L(m+l) )T ErT

that % = ( )% is an eigervalue and W; = B,,/u? an accomparying eigervector of

valuesof ATA. The harmonic Ritz vector of AT A assaiated with " is de ned by

see,e.qg.,[1, 14, 15, 17].
Similarly to (3.1), we have

AN

ATAO‘J Jo] - P(m+l) (L(m+l) )T E;I'ujo; 1 J K
where
(4.7) p(m+) .= p(m+)  p g 1F | (M+D),

i.e., the residual errors for all harmonic Ritz pairs f '\, ;viglivein R(P(M*1)),
We turn to the derivation of relations analogousto (3.7) and (3.11). Equations
(4.6) and (4.7) yield

BniU? ¢ BrELMD
O Ir '

where the matrix P41y ¢ iS the sameasin (2.3). Introducethe QR-factorization
B 1Uo 0 B 1E L(m+1)
mrok k mr |rr = Q(|2+rRE+r;
11
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where Q?, . 2 R(M*D 1 (k*1) has orthonormal columns and R?,, 2 RKk*1) (k1) jg

upper triangular. The matrix o
(4.9) Pisr 1= Pty r Qe
has orthonormal columns. Application of equations(1.2) and (4.8) shows that
APyt = [APm AP (M0,
= [Qur B ;AP (M ] erlgf ‘ B’"flE,r"(mﬂ) (RR+r) *
r

= [Qumr UJ AP(MD QMLIMDYRY, )
Consider the matrix
(4.10) Qk = Qmr UY:
It hasorthonormal columnsand we compute the Fourier coe cien ts

A(m+1) . QI(AP(m+1) Q(m)L(m+1))2 R r.

aswell asthe QR-factorization

Q(m+l) é(m+l) = Ap(m+l) Q(m)L(m+l) Qké(mﬂ) :

whereQ(M*1) 2 R' T hasorthonormal columnsand $(M*Y) 2 R' T is upper triangu-
lar. De ne the matrix

(411) Qk+r = [Qk;o(mﬂ-) ] 2 R (k+ I'):
Note that Qkﬂ has orthonormal columns. The matrix
2 3
9 0
9 A(m+1)
(4.12) B\k+r = (REH) 1o Rk+r) (k+r).

O é(m +1)

is the product of two upper triangular matrices, one of which hasnonzeroertries only
on the diagonal and in the last r columns. In particular, By, is upper triangular.
We have

(4.13) ABrir = Ous  Bisr:

which is the wanted analogueof (3.7).
We now derive an analogue of the decomposition (3.11). Let Oy be given by
(4.10). Equations (2.3) and (4.4) yield

(4.14) ATQx = AT Qmr U? = Pty 1By msn) 1 US = Pimsgy e VIO R
It follows from the left-hand side decomposition of (4.4) that

[l i Bt E LMD W= Bt UL R
12



and, hence,

erlUl? 8 erlErL(m+l) I

0_
(4.15) Vo= o ¥ ETV0

Substituting (4.15) into (4.14), using (4.8) and (4.9), gives

_ Ik _ Ik .
(416) AT Qk - P(m+2l.) rQE+rRE+r E;I'Vko (lz - ﬁk+rRE+r E,Tvko (lz

Let B\k;k+r denote the leadingk (k + r) submatrix of the upper triangular matrix
B+ in (4.13). Then we obtain from (4.13) that

(4.17) Of APt = Brer:

It follows from (4.16) that

T ATA — po Ik 0.
k+rA Qk_ Rk+r ETVkO k>
r

and a comparisonwith (4.17) shows that
I
Ris r ™0 R = @I;km

Thus, equation (4.16) can be expressedas
(4.18) ATQ = Pir Bl
We turn to the last r columns, ATQ(M*D  of ATQ,.,. Equation (4.13) yields
G ATQUM = BE QF, QMY = BT E,
and, therefore,
(4.19) ATQMD = By B, B+ Py
whereF, 2 R” " and P/, .F, = 0. Combining (4.18) and (4.19) yields
(4.20) ATQu+r = Pue B, + FET;

which is the desired analogue of (3.11). Note that the residual matrix F, can be
computed from equation (4.19), sincethe other terms are explicitly known.

Giventhe decompositions (4.13) and (4.20), we can proceedsimilarly asin Section
3 to compute the decompositions

(4.21) Aﬁk+ir = Qk+ir §k+ir ; AT <3k+ir = If}kwtir §|1—+ ir T Fr E;r;

which areanalogousto (3.18). In particular, Pesir 2 R" ®*) and Qyyyy 2 R (k*ir)
have orthonormal columns with Aleading submatrices Py., and Qk+ r, respectively.
The matrix By, 2 RK+) (k+ir) js ypper block-bidiagonal with leading principal
submatrix By .

13



Having determined the decompositions (4.21), we proceedby computing the sin-
gular value decomposition of Besir . The k smallest singular triplets of Brsir give us
approximations of the k smallest singular triplets of A, cf. (2.11), as well as k new
harmonic Ritz vectors(4.6). We cortin ue by augmerting the latter vectorsby a block
Krylov subspaceas described in this section. An algorithm for block-sizer = 1 is
preseried in [2, Subsection3.3].

We remark that the accurate computation of the matrix B,,'E,, usedin (4.8),
can be dicult when the matrix B, has a large condition number (By) :=

(B )= (1B ™) In this case,we switch from augmertation of harmonic Ritz vectors
to augmenation of Ritz vectors;see[2, Section 3.3] for details.

5. Numerical examples. Wecomparethe MATLAB function irlbablk , which
implemerts the block Lanczosbidiagonalization method of the presert paper, to the
MATLAB function irlba , which implemerts the Lanczosbidiagonalization method
(with block-size 1) described in [2]. The functions irlbablk  with block-sizer = 1
and irlba yield identical results. MATLAB codes for both functions are available
from Netlib®, where also a primer for their use,a demowith a graphic userinterface,
as well as code for reproducing the computed examplesof this section can be found.
All codeshave beentested with MATLAB versions6.5-7.2.

The following examplesillustrate that it may be bene cial to usea block-method
for certain problems. The execution of irlbablk is determined by certain user-
speci ed parameters; seeTable 5.1. The parameters for irlba can be found in [2,
Section 4], where also a comparisonof irlba with other recertly proposedmethods
is preserted.

Both irlbablk andirlba implemert the following reorthogonalization strategies;
cf. the discussionon reorthogonalization in Section 2. The codes apply one-sided
reorthogonalization whenthe matrix A is fairly well conditioned (asin Examples1, 2,
and 4) and two-sidedreorthogonalization when A is ill-conditioned (asin Example 3).
For the examplesof this section, one-and two-sided reorthogonalization yield about
the sameaccuracy We therefore do not report results for both reorthogonalization
strategies; a comparison of these strategiesfor irlba can be found in [2].

In the computed examples,we determine the initial block P, by orthonormalizing
the columns of an n  r matrix with normally distributed random entries. When
comparing the performancefor di erent block-sizes,we generatethe matrix Pg, with
s being the largest block-size in the experimert, and let in the computations with
block-size r s, P; consist of the rst r columns of Ps. In particular, the initial
vector for irlba is the rst column of Ps.

All computations were carried out in MATLAB version 6.5 R13 on a Dell 530
workstation with two 2.4 GHz (512k cace) Xeon processorsand 2 GB (400 MHz) of
memory running the Windows XP operating system. Machine epsilonis 2:210 16,

Example 1. We considerthe computation of the k = 2 smallestsingular triplets
of the diagonal matrix

1

N1 P 200 200
S0 314111120012 R

(5.1) A = diag[1; 1+

and report the performance of irlbablk and irlba . Restarting is carried out by
augmertation of Ritz vectors. We use block-sizer = 2 for irlbablk

Lhttp://www.netlib.org/n  umeralgo/na26
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Table 5.1
Parameters for irlbablk

ad ust Initial number of vectors added to the k restart vectors to speed up
convergence.Default value: ad ust = 3.

aug A 4-letter string. The value 'RITZ' yields the augmertation described
in section3; the value'HARM' givesaugmertation accordingto section
4. Default value: aug ='HARM' if sigma ='SS', and aug ='RITZ" if
sigma ='LS'".

blsz Block-size of block Lanczosbidiagonal matrix. The parameter speci es
the value of r in (1.2)-(1.3). Default value: blsz = 3.

disps  When disps > 0, available approximations of the k desired singular
values and norms of assciated residual errors are displayed ead it-
eration; disps = 0 inhibits display of these quartities. Default value:

disps = 0.
k Number of desired singular triples. Default value: k = 6.
maxit ~ Maximum number of restarts. Default value: maxit = 1000.
m Maximum number of consecutive block Lanczosbidiagonalization steps

in the beginning of the computations. This parameter species the
largestvalue of m in (1.2)-(1.3) and determinesthe storagerequiremert
of the method. The code may increasethe value of m during execution
to speedup corvergence,n which casea warning messages displayed.
Default value: m = 10.

reorth A 3-letter string. The value 'ONE' yields one-sidedfull reorthogo-
nalization of the \shorter" vectors; the value 'TW O' gives two-sided
full reorthogonalization. When our available estimate of (A), seethe
discussionfollowing (2.13), is largerthan =2, two-sidedfull reorthog-
onalization is used. Default value: reorth =ONE".

sigma A 2-letter string ('SS' for smallestand 'LS' for largest) which speci es
which extreme singular triplets are to be computed. Default value:

sigma ='LS".

tol Tolerance used for corvergencechedk, sameas in (2.13). Default
value: tol = 10 ©.

P, Initial matrix of r columns for the block Lanczos bidiagonalization.

When > n, P® := P,; cf. Algorithm 2.1. Default value: P; is an
n r matrix with orthonormal columns obtained by QR-factorization
ofann r matrix with normally distributed random ertries.

The function irlbablk  carries out m block Lanczosstepsbeforerestart. We let
m= 10orm = 20,andleti = m 1in (3.18). The main storage requiremert is
for the matrices P,y and Qnr generatedbefore the rst restart, as well as for the
matrices Px+ iy and Qg+ in (3.18) obtained after restarting. The latter matrices
over-write Pp,y and Qmr . Thus, the storagerequiremert for the matrices Py , Qmr ,
Pi+ir , and Qk+ir is 4m n-vectors.

The function irlba is called with m = 20 and the storage requiremert for the
corresponding matrices is 2m n-vectors. Thus, irlbablk  with m = 10 requiresabout
the sameamount of storageasirlba with m = 20.

The top graphs of Figure 5.1 shawv the performance of irlbablk  with m = 10
(solid graphs) and irlba with m = 20 (dotted graphs). The solid graph labeled

15
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Fig. 5.1. Example 1: Approximations of the 2 smallest singular triplets of the matrix (5.1).
For the top graphs both irlbablk  (with block-size r = 2) and irlba use about the same amount
of storage. For the bottom graphs the storage for irlbablk is doubled. This increases the rate of
convergence. irlba has diculties determining the second smallest singular value.

Ritz(1) 1 displays the norm of the residual error for the smallest Ritz value,
cf. (2.13). This Ritz value approximates the singular value 1. The graph labeled
Ritz(2) 1+ 1=200" displays the norm of the residual error for the secondsmallest
Ritz value, which approximates 1+ 1=200*. As can be expected, the residual error
assciated with the smallest Ritz value is smaller than the residual error assaiated
with the secondsmallestRitz value.

The solid horizontal line marks the tolerance = 1 10 °. Thus, if this value
of is chosenin (2.13), then irlbablk  requires about 260 restarts to determine
approximations of the 2 smallest singular valueswith desiredaccuracy

The dotted graph labeledRitz(1) 1 showsthe norm of the residual error for the
smallest Ritz value determined by irlba . This Ritz value approximates the singular
value 1. The code irlba requires fewer restarts than irlbablk to determine an
approximation of the smallest singular value of A with an assaiated residual error
of 1 10 ® becausethe value of m usedfor irlba is twice as large as for irlbablk
However, irlba fails to nd the secondsmallest singular value, 1+ 1=200*, within
the rst 80 restarts. The dotted curve labeled Ritz(2) 3 displays the norm of the
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residual error for the secondsmallest Ritz value determined by irlba . Until about
85 restarts, this Ritz value approximates the third smallest singular value, 3, of A.

The stopping criterion for irlba is (2.13) with r = 1. Let = 1 10 % in this
stopping criterion. Then irlba computes approximations of the singular values 1
and 3 to speci ed accuracy within about 60 restarts. Sincethe stopping criterion is
satis ed the computations are terminated at this point. There is no indication to a
user of the code that the computed Ritz values do not approximate the 2 smallest
singular valuesof A.

Sudh an indication is not delivered until about 85 restarts, when the residual
errors increaseand irlba determinesan approximation of the singular values1 and
1+ 1=200". Note that the residual errors for both Ritz valuesincreasewhen irlba
\discovers" the singular value 1+ 1=200".

This exampleillustrates that if there are closesingular valuesand it is important
to determine all the assaiated singular triplets, then irlbablk  doesthis more reliably
than irlba .

The rate of convergenceof irlbablk  displayedin the top graphsof Figure 5.1 can
be increasedby choosing a larger value of m. Results for m = 20 are shovn on the
bottom part of Figure 5.1. The number of restarts, aswell asthe total computational
work, is reduced by increasingm to 20, however, the required computer storage is
increased.

We nally remark that the behavior irlbablk andirlba is similar if instead of
Ritz vectors, harmonic Ritz vectors are augmerted at restart. In particular, irlba
also miscorvergesin this situation. We therefore do not report the details of the
computations with harmonic Ritz vectors. 2

Example 2. Let A 2 R3?* 324 pe obtained by discretizing the 2-dimensional
negative Laplace operator on the unit square by the standard 5-point stencil with
Dirichlet boundary conditions. The MATLAB command

(5.2) A = delsq (numgrid (%" 20))

determines this matrix. We would like to compute the 6 largest singular values of
A to high accuracyand let be machine epsilonin (2.13). Restarting is carried out
by augmertation of Ritz vectors. The dominating storagerequiremert for irlbablk ,
already discussedin Example 1, is proportional to mr, where as usualr is the block-
sizeand m is the largest number of consecutive block Lanczossteps. We limit the
memory requiremert of irlbablk by choosingm and r sothat mr  20. Thus, we
applied irlbablk  with the fr; mg pairs f1; 20g; f 2; 10g; f 3; 6g; f 4; 5g; f 5; 49.

We refer to the computations between eath consecutive restart as an iteration.
The top histogram of Figure 5.2 displays the averageCPU-time for oneiteration using
sewral dierent block-sizesr. The gure shows that the CPU-time per iteration is
smaller for block-sizesr > 1 than for block-sizer = 1. This dependson more e cien t
memory managememn whenr > 1.

The bottom histogram of Figure 5.2 shows the total CPU-time required to de-
termine the 6 largest singular triplets of A with desiredaccuracy aswell asthe total
number of matrix-v ector products (mvp) with the matrices A and AT . Herethe eval-
uation of Aw with w 2 R3* ' courts as r matrix-v ector products. The smallest
total CPU-time is achieved for block-sizer = 2, even though the smallest number of
matrix-v ector products is obtained for r = 1. This example illustrates that block-
methods may require lesstotal CPU-time than methods that work with single vectors
(block-sizer = 1). The codesirlbablk  for block-sizer = 1 and irlba were found to
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A=delsq(numgrid('S',20));
0.016 ; T T T T

0014 I = block size i

0.012 m = # of blocks

Avg. CPU

time per 0.008 i
iteration '

(secs.) 0.006 |

0.004

0.002
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07 T T T T T

0.6 mvp = 1512 7

05 mvp = 1770 7
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(secs.)

~
T

03 mvp = 810
mvp =320

mvp =492

0.2

0.1

r=1,m=20 r=2,m=10 r=3m=6 r=4m=5 r=5m=4

Fig. 5.2. Example 2: Computation of the 6 largest singular triplets of the matrix (5.2). The top
histogram shows the average CPU-time between consecutive restarts. The bottom histogram displays
the total CPU-time required and the number of matrix-ve ctor product evaluations needed to compute
the desired singular triplets to desired accuracy.

require essetially the sameamount of CPU-time. We therefore only report timings
for the former.

We remark that the combination of r and m that requires the least total CPU-
time dependson the problem at hand and on the architecture of the computer used.
For instance, suppose that there are no singular value-clusters, and assumethat
the computer architecture and matrix-storage format are such that the evaluation
of matrix-v ector products with a block-vector with r columnstakesr times aslong
asthe sequetial evaluation of matrix-v ector products with r (single) vectors. Then,
block-sizer = 1 will give the shortest CPU-time. Under di erent circumstances,the
CPU-time may be smaller for a block-sizer > 1; seealsothe discussionon the use of
sparseBLAS towards the end of Section 1. For many problems, the main advantage
of using block-sizer > 1 is increasedreliability. 2

Example 3. We would like to determine the 4 smallest singular triplets of the
18
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Fig. 5.3. Example 3: Graphs showing the errors in computed approximations of the 4 smallest

singular values of the matrix (5.3).

The solid graphs show the errors obtained by augmentation

of Ritz vectors and the dotted graphs shows the errors obtained by augmentation of harmonic Ritz

vectors.

symmetric Toeplitz matrix

2
1 to th th
tz tl tz tn 1
to 1
(5.3) T= 2R" "
tn 1 t2
thn  tg ts t1
with n = 130and 8
% 1; if i = 1;
) !
G N
= % ﬁ ) mil= 1y ey O
0 otherwise:
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This matrix has previously beenconsideredby Luk and Qiao [13], who determine its
rank, aswell asby Nagy [16]. The 4 smallestsingular valuesareabout ; = 2:32 10 ,

»=836 10 %, 3= 772 10 4 and 4= 865 10 3. Figure 5.3 shaws the errorsin
the approximations of these singular valuesdetermined by irlbablk  with block-size
r = 4and m = 10 as a function of the number of restarts. The solid graphs shows
the errorsin the computed approximate singular valuesdetermined when restarting is
carried out by augmertation of Ritz vectorsand the dotted graphs display the errors
in the approximations determined when restarting by augmertation of harmonic Ritz
vectors is used. The latter approach is seento yield the smallest errors in all of the
desired singular values at almost all restarts. We remark that an analogousexample
for block-size 1 (using the code irlba ) is preseried in [2]. 2

Table 5.2
Example 4: Computation of the 10 largest singular triplets of a term-by-do cument matrix.

block- | # of | # mat.-vec. | # matrix CPU time

size | blocks products access | mat.-vec. other total
products | computations

r=1|m=20 80 80 0:359s 0:500s 0:859s

r=2|m=10 104 52 0:357s 0:471s 0:828s

r=3|m= 7 162 54 0:408s 0:717s 1:125s

r=4|m= 5 248 62 0:606s 0:941s 1:547s

Example 4. A common task in information retrieval is the computation of a
few of the largest singular triplets of a term-by-documernt matrix. These matrices
can be very large and furnish important examplesof problems that require out-of-
core memory accesgo evaluate matrix-v ector products. The largest singular triplets
determine a low-rank approximation of the term-by-documert matrix and the angles
betweenthe seard vectorsand the columns of the computed low-rank approximation
are usedfor informational retrieval; see,e.g., Berry et al. [3] for further details.

The accessto matrices that have to be stored out-of-core is very CPU-time de-
manding, and thereforeit typically is advantageousto compute more than one matrix-
vector product for eadh matrix access.

In the present example we consider the term-by-documert matrix HYPATIA,
which is included in the package na26 of Netlib assaiated with the presert paper.
HYPATIA is of size11390 1265and has109056non-zeroterms from the web server
of the Department of Mathematics at the University of Rhode Island. HYPATIA was
created in the samemanner as many standard term-by-documert test matrices; see
the TMG web pagé for details.

We seekto determine the 10 largest singular triplets of HYPATIA with irlbablk
and limit the memory requiremert by choosing the parameters m and r so that
mr  21. Thus, we useirlbablk  with the fr; mg pairs f 1; 20g; f 2; 10g; f 3; 7g; f 4; 5g.
Restarts are carried out by augmertation of Ritz vectors.

Table 5.2 displays the performance of irlbablk . The table shows the number
of matrix accessedo decreaseas the block-sizer increasesfrom 1 to 3. The least
total CPU-time and the least number of matrix accessesire achieved for block-size
r = 2, even though the least number of matrix-v ector product evaluations is required
whenr = 1, where the number of matrix-v ector product evaluations is counted asin
Example 2. 2

Zhttp://scgroup.hp clab.ceid.upatras.gr/scgroup/Pro  jects/TMG
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6. Conclusion. This paper presens a block-generalization of the restarted Lan-
czos bidiagonalization method described in [2]. Computed examplesillustrate that
the block-method implemented by the MATLAB function irlbablk  can determine
desired singular triplets more reliably than the code irlba presened in [2] when the
assaiated singular values are very close. Moreover, in certain situations irlbablk
may determine desired singular triplets to speci ed accuracyfaster than irlba

Acknowledgemen t. We would like to thank Michela Redivo-Zaglia for com-
ments.
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