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Abstract

A real polynomial is called log-concae if its coefficierts form a log-concae sequence.We
give a new elemenary proof of the fact that a product of log-concae polynomials with
nonnegatiwe coefficierts and no internal zero coefficierts is again log-concae. In addition,
we show that if the coefficierts of the polynomial [ ], .,,(z + m) form a monotonesequence
where M is a bnite multiset of positive real numbers, so do the coefficierts of [] _(z + r)
for any subrrultiset N C M.

1. Intro duction

A polynomial with real coefficierts f(x) = 3, a;a" is log-concave if we have a? —a;_1a;11 > 0
for all 0 < i < dedqf). Also, f(x) is said to have no internal zero coefficients if there do
not exist integers: < j < k sudh that a; 7 0, a; = 0, and a;, Z 0. The following theorem
concerningthe product of log-concae polynomialsis well-known (e.g., referto Theorem1.2
of Chapter 8 in [1]).

Theorem 1. Let f(x) and g(x) be log-concave polynomials with nonnegative coefficients and
no internal zero coefficients. Then the product f(x)g(x) is also log-concave.

Wewill giveanewelemenary proof of this theoremin Section2. Referto [3] for an advanced
linear algebraicproof, and [2] for another elemerary proof. We alsorefer the readerto [4]
for a proof via the LC-positivity of a constart triangle of nonnegative numbers.

Recall that a multiset is a set where repetitions of elemens are allowed. If M is a
Pnite multiset of positive numbers, then it follows from Theorem 1 that the polynomial
[1,.cr(z + m) islog-concae. It is easyto seethat every log-concae sequenceuy, . .., ay, iS
unimodal, i.e.,ap < --- < a; > --- > a, for somek. An interesting specialcaseof a unimodal
sequences a monotonesequencei.e., a sequencehat is weakly increasingor decreasing.We
show in Section3 that if the coefficierts of [[,..,,(z + m) form a monotone sequencethen
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the coefficierts of [, .y (z + r) for any submultiset N C M alsoform a monotonesequence.
At the end of the paper, we will brieRy discusshow this interesting property can be usedto
debnea simplicial complexfor any multiset of positive integersasthe vertex set.

2. A New Pro of of Theorem 1

In this section,every sequenceas assumedo be an inPnite sequencavhoseterms are indexed
by the set of integers. A sequencga;) of real numbersis log-concave if a; > a_ja,41 for
ewery integer k. The sequence(a,) has no internal zeros if there do not exist integers
i < j < ksudhthat a; # 0, a; = 0, and a;, 7 0. The following lemma characterizesa
log-concae sequenceof nonnegative real numberswith no internal zeros.

Lemma 2. A sequence of nonnegative real numbers (a) with no internal zeros is log-concave
if and only if a;a; > a;_1a;41 for all integers ¢ < j.

Proof. The sufficiencyis clear. We will prove the necessiy by induction on j —i. Since(ay)
is nonnegative and hasno internal zeros,it sufficesto prove the inequality for integersi < j
such that a;, > 0 and a; > 0. Now, the casej —¢ = Ois clear. Let j — ¢ > 0. Since(ay) is
log-concae, we have a7a} > a; 144105 1a541. For j —i = 1, we have a;11a;-1 = a;a;, and
the desiredinequality follows. For j —i > 2, we have a;;1a;_1 > a;a; by induction, and the
desiredinequality follows. O

Given asequencea = (a;) of realnumbers,debPneX"a to bethe sequencegivenby shifting
ewvery term of a right by n terms, i.e., ¥"a = (a,) wherea, = a;_,, for all i. We will write Xa
for ©'a. Givenanothersequencd = (b;) of realnumbers,wedebneaxb := >, a;b;. Foreah
pair of integers(z, j) sud that ¢ < j debnea,; = (a;a; —a;_1a;+1) andb;; = (b;b; —bi_1bj11).

Lemma 3. Let a = (ay) and b = (by) be sequences of real numbers. Suppose only finitely
many terms in a are nonzero. Then we have

(axb)? —(axXb)(Xaxb)= Zaz‘jszv

i<j

where the sum is over all pairs of integers (i, ) such that i < j. In particular, if both a and
b are log-concave then (a*b)? > (ax* Xb)(Xaxb).

Proof. Given any sequence$z;) and (y;), we have
(Z %) (Zy]) = Z(xzyg + Y1) = Z(l‘z‘yj + Tiqyim1) T sz‘yi—h
i j i<j i<j i

assumingthat every sumin this equation exists. Applying this equationto the sumsaxb =
Yo ab, (@xX¥b) = > a;b_1, and Xaxb = Zj a;bj+1, which are well-depPnedbecauseall
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but Pnitely many terms of (a;) are zero, we get

(axb)’= Z(az’ajbibj + ai—10410;-1041) + Z(aiai—lbz’bi—l) and

1<j 7

(a * Eb)(Ea * b) = Z(aiajbi_lbjﬂ + ai_lajﬂbjbi) + Z(aiai_lbi_lbi).

1<J 7

From theseequations,it follows easily that

(a * b)2 — (a * Eb)(Ea * b) = Z(aiaj — a/ifla/jJrl), (blbj — biflijrl)

i<j

as desired. The secondstatemert of the lemmafollows from this and Lemma 2. O

Proof of Theorem 1. Let f(x) = Y, a;2z" and g(z) = > b;x* be asin Theorem 1. If we
debneq; = O and b; = 0 when: ¢ [0, ded f)] and whenj ¢ [0, ded g)], respectively, then the
inPnite sequences = (a;) and b = (b,) are log-concae. Let the sequenced = (d;) be the
OmirrorimageQof b about b, i.e., d_; = b; for all i. Note that d is still log-concae, hence
sois X'd for all i. Let f(z)g(z) = >, c;z*. ThenTheorem1 follows from Lemma 3 together
with the facts¢; = a* X'd, ¢;_; = Yax X'd, and ¢;4; = a* Xd. O

3. Monotone Polynomials

Recall that a multiset of cardinality n is a set M = {my, mo, ..., m,}, whererepetitions of
elemens are allowed. For ead 0 < k < n, let s,(M) denotethe coefficiert of "% in the
polynomial f(z) = [[,c,,(x+ m;). (For M = 0 we debnesy(M) = 1.) DebPnes;(M) = 0
for k ¢ [0,n]. Now, the following idertity is easyto ched: for any m € M and k,

sp(M) = msp_1(M \ m) + sp(M \ m).

Note that when M is a Pnite multiset of positive real numbers, the sequenceqs,(M))
is log-concae by Theorem 1. Moreover, (s,(M)) is unimodal becauseewery log-concae
sequencas unimodal.

Theorem 4. Let M be a finite multiset of cardinality n consisting of positive real numbers.
Suppose we have so(M) < -+ < sp(M) > -+ > s,(M) for some k. Then for any m € M,
we also have

(a) so(M \m) < si(M\m) <. < s, 1(M\m), and

(b) se(M\m) > sga(M\m) > > s,_1(M\ m).

Proof. Fix m € M. For notational simplicity, we will denotes; = s;,(M) andu; = s;(M \m).
To prove (a), wewill show that if wehaves; < s, forany ¢t > 1, then wealsohaveu; ; < ;.
Supposeotherwise. Then, we must have s;;1/s, > 1 and u;/u;—; < 1 for somet. Now, let
g9(z) = (wz + wppr) /(w1 + w). Sinceevery u; is positive, it follows that g(x) and its
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prst derivative ¢'(z) are well-debnedfor > 0. Also, we have u? — u;_jus,; > 0 because
the sequencegu;) is log-concae. Using this fact, one can shaw that ¢'(z) > 0, i.e., g(x)

is weakly increasingfor = > 0. It follows that g(z) < (us/u;—1) < 1for all z > 0. In

particular, we must have g(m) = (uym+ w1) /(u—1m+ ug) = si1(M) /s (M) < 1, which is
a cortradiction. This proves (a).

For part (b), we will showv that if s, > s,,, for any ¢, then we also have u; > wu;;.
Again, suppose otherwise. Then we must have s;/s;y1 > 1 and u;/u;1 < 1 for some
t. Now, let h(z) = (u—1z + w)/(wz + uiyq). Using the log-concaity of (u;) as in the
proof of (a), one can show that h(x) is weakly decreasingfor x > 0. From this, we have

$¢/ste1 = h(m) < h(0) = u;/u1 < 1, which is a cortradiction. This proves (b). O

If the sequencés, (M) : 0 < k < n) ismonotoneincreasing,i.e., so(M) < s1(M) <--- <
s,(M), then part (a) of Theorem4 impliesthat we alsohave so(V) < 51(N) < --- < s5((V)
for any submultiset N C M. By part (b), similar result holdswhen (si(M) : 0 < k < n) is
monotonedecreasing.Hencewe have

Corollary 5. Let M be a finite multiset of positive real numbers. Suppose the coefficients of
the polynomial T],, ., (x+ m) are either monotone increasing or monotone decreasing. Then,
for any submultiset N C M, the coefficients of [ [, y(x + 1) are either monotone increasing
or monotone decreasing also, respectively. O

Finally, we briel3y discussa topological implication of this corollary. Let V' be a (Pnite)
multiset of positive integers. Let A be the collection of all bnite submultisets M C V' sucth
that the sequencd s, (M) : 0 < k < |M|) is monotoneincreasing. (This sequenceannot be
monotone decreasingwhen |M| > 1.) Then by the remarks before Corollary 5, A satispes
the following property: if M € A and N C M, then N € A. Clearly, we have {v} € A
for all v € V, and we have ¢ € A. Hence,A is a simplicial complexwith the vertex set V.
(Referto any text in algebraictopology for the dePnition of a simplicial complex.)
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